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PREFACE -

This effort was conducted by University of South Florida under the
sponsorship of the Rome Air Development Center Post-Doctoral Program for
Rome Air Development Center. Mr. John F. Spina RADC/RBCT was the task
project engineer and provided overall technical directicn and guidance.

The RADC Post~Doctoral Program is a cooperative venture between RADC
and some sixty-five universities eligible to participate in the program.

Syracuse University (Department of Electrical Engineering), Purdue Univer-

sity (School of Electrical Engineering), Georgia Institute of Technology
(EEHEBl.Qﬁ.ElSSLLi&al,Engineering), and S;;te University of New York at
Buffalo (Department of Electrical Engineering) act as prime contractor
schools with other schools participating via sub-contracts with prime
schools. The U.S. Air Force Academy (Department of Electrical Engineering),
Air Force Institute of Technology (Department of Electrical Engineering),
and the Naval Post Graduate School (Department of Electrical Engineering)
also participate in the program.

The Post-Doctoral Program provides an opportunity for faculty at
participating universities to spend up to one year full time on explora-
tory development and problem-solving efforts with the post-doctorals
splitting their time between the customer location and their educational
institutions. The program is totally customer-funded with current pro-
jects being undertaken for Rome Air Development Center (RADC), Space and
Missile Systems Organization (SAMSO), Aeronautical System Division (ASD),
Electronics Systems Division (ESD), Air Force Avionics Laboratory (AFAL),
Foreign Technology Division (FTD), Air Force Weapons Laboratory (AFWL),
Armament Development and Test Center (ADTC), Air Force Communications
Service (AFCS), Aerospace Defense Command (ADC), HW USAF, Defense Com-
munications Agency (DCA), Navy, Army, Aerospace Medical Division (AMD),
and Federal Aviation Administration (FAA).

Fi.rther information about the RADC-Doctoral Program can be obtained
from Mr. Jacob Scherer, RADC/RBL, Griffiss AFB, NY, 13441, telephone
Autovon 587-2543, Commercial (315) 330-2543. .
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COMPUTER ROUTINES FOR USE IN SECOND-ORDER
VOLTERRA MODELING OF EMI

%
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I. INTRODUCTION 2

= B

13

Research described here consists of the development of certain computer .
routines to aid Volterra modeling of weakly nonlinear systems [1], [2]. Volterra ‘2
series representation, a dynamic generalization of the familiar power series, is rﬁ
ideal for representing devices and systems with frequency-dependent mild non- c &
linearities as in the case of a transistor. The technique has been applied to : %

the analysis of communication receiver response to radie frequency interferencel3].
Other applications include intermodulation distortion analysis of transistor
feedback amplifiers [4), nonlinear characterization of IMPATT diodes and micro-
wave amplifiers [5]}, and analysis of channels with soft limiter.

i

Rome Air Devclopment Center has in the recent past supported several
efforts to put this analytical tool to use in the electromagnetic interference
and compatibility field. (In practical terms one of the major outcomes of the
efforts is the 1AP program, a computer program for the prediction of Intra-
System Electromagnetic Compatibility). A current direction of interest is the
estimation of Volterra kernels of a system from its experimentally observed
input-output responses. Interest in this black-box approach arises for several
reasons, the most salient being cost effectiveness in testing, and simplicity
of resulting models for complex on-board communication systems.

e "nf A

Weiner and Ewen [1], [2] have provided an approach to finding the para-
meters or the kernels, specifically the poles and residues of the multivariable
transfer functions ¥ (s,,....,s ). The poles and residues of the linear TF,

H, (s), are determined using Jaif's method [6], [7)(pencil-of-functions identi-
fication method). Then, for somewhat larger amplitudes, where the quadratic

TF Hz(s,.s ) has non-negligible influence, the contribution y,(t) is determined
by subtfac%ing y,(t), the predicted response of H,(s), from y{t). The poles

of the quadratic TF are known in terms of the poles of the linear TF, so that
only the residues of H,(s,, s,) need be -- and in principle, can be -~ deter-

mined. A similar procé&dure iS adopted for determining the parameters of the
cubic kernel, and so on.

The computer programs presented in this report are:

IGRAM Program for black-box identification of a linear transfer
function using pencil-of-functions method.

HPMINV High precision matrix inversion routine for use in deter-
mipation of the residues of the quadratic Volterra TF.
Perturbation theory and iterative corrections are used to
enable accurate inversion even for wideband -system matrices.
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IT. PENCIL OF FUNCTIONS METHOD FOR IDENTIFICATION
OF NETWORK TRANSFER FUNCTIONS

Determining the model of a network from its observed input-output responses
represents the inverse of the analysis problem. Interest in this arises from the
frequent need for a relatively simple mathematical description of the system so
that behavior for other anticipated inputs may be predicted up to acceptable

accuracies. Like the analysis problem, there are several approaches available

in the literature for the inverse, or, as it is often called, the "identification" .

problem . To name a few, (a) Prony's method [8], (b) gradient methods, such

as Newton [9] and qua-.-linearization [10],(c) least-squares and generalized

least-squares methods [11],[12], (d) maximum-likelihood methods [13],[14},[15].

R

d

AN

< All of the methods stated above possess certain advantages and, as may be

expected, certain disadvantages peculiar to each particular method. Stated

very broadly, sensitivity to noise, slow convergence to the solution, and ex-
cessive computational complexity are some of the possible disadvantages. ‘The

objective of this section is to describe in a semi-rigorous way the pencil-of-

AT T

functions identification method [7]. Further, in this section the method is

extended to the case where general first orde: rs, ui(s) = (bis + ci)/(s+ai)
are used in the processing system instead of ide. integrators (note that the
£ = 0. A high

accuracy FORTRAN program, developed for the case of ideal-integrator processing

ideal integrator is a special case of this filter; set bi = a

units, is also presented.

The method offers the advantages of mathematical simplicity, closed-form
sclution to the problem, which is optimal in the generalized least-squares sense
and suboptimal in the strict least-squares sense, and robustness to noise. ‘lhe
disadvantage of the method is that the variances of additive noise, when present,
must be determined in a separate experiment in order that unbiased parameter

estimates may be computed.
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2.1 THEORY
The problem of identifying the transfer function of a netwerk from its input-
output responses can be formulated in discrete-time domain as follows. Given the
pair x(k), y(k) (or noise-corrupted versions of these; call them u(k), v(k)) find
the transfer function E(z) that produces a response matching y(k) (or v(k)) when

excited by x(k) (or u(k)). More specifically, this involves determination of the

parameters ai, bi in
Y(z) = H(z) X(2)
b +b z-1+... -i-bz_n
— Q 1 n
= 1 oy ) X(2) (1)
l+a,z " +...+az
1 n

from experimental input-output data. Note (1) can be written in time domain as

n n
yk) = -I ay(k-i)+ I b, x(k-i), y(k) = 0 for k < 0 (2)
i=1 i=0

A. Measurement Signals

Before proceeding with the solution of the problem via pencil-of-function
method, let us note that (2) can be written as

[y(k) y(k-1) . . . y(k-n) -x(k) -x(k-1) . . . -x(k-n)] 8 =0 3)
or, more concisely,

£ 8 =0 ®)
where the 2n + 2 dimensional vector f(k) has the obvious definition and the vector

68, also 2n + 2 dimensional, is given as

Equation (4) represents a geometrical constraint upon the vectors f(k), namely

that they are all orthogonal to €.

To cast the problem of identifying 8 into a generalized least-squares
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problem consider the measurement system of Fig. 1. The matter of choosing the
first order filters which make up the measurement units Hi(z) will not be

considered here. It will suffice to say they must be chosen so that the

cut( ff frequencies of Hi(z) span the frequency range of interest {i.e. they are

spread in the pass-band of the network under test). Kegardless of the
choice of the measurement units the fellowing useful observation arises.
Let
T
2(x) [)o(k) )l(k) .es )n(k) —xo(k) -xl(k) eee -xn(k)]

and deline the matrix

3 |0 o1 *** on ]
= : |
e {90 ‘n “In |
c = . . . § (6a)
. . <
i
o -
| &
LcnO al cnnj
where ?ji are the coefficients of the polynomial
n i n
5 cjiz-l = s h 7 aeezTh (6b)
. i=0 i=1 * i=i+1
i% . (L -1 H -1 =1
= v (k) 1-P.z v (k) 11-P.z - s _(K) 1I-P 2 v_{k)
1 0 ¥ i SRS DA n Ya
T H A TR mv T
= -0 z ~a -t i -1’
| -0,z ; 10,2 {1-Q 2 ;
= o ——— . .
(k) :‘0(;‘) 1~P12—1é Xl(k) }_-P?z . -\'ch) 1-P z"ll Xn(k)
T T T T *
L1—le ) 1-Q,z g_}—Q“zm H
— L - - -
A\ -~
.Jl(°)

'_“_"Q——--—'—-\,— i —m—
xi(z)

Measurement vector [yg(k) -eee ¥ (K) =X (k) ... -xn(k)]T = 2(K)

First order filters i (2) = (!—Piz_}}!(l-q,z_})
1

Fig. 1. Measurement svstem

4
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Also define the vector Y henceforth called the synthetic parameter vector, as

b

Y = (7a)

[

o

1] ‘m
4%

o
[=

= -1 (7b)

(o]
o

)’
G

I

i

= c o (7c)

Then, it can be shown that the measurement vectors Qk are orthogonal to the
synthetic parameter vector. The proof will be given in subsection 2.1C.
B. Solution

The problem of determining the synthetic parameter vector Y can be shown to
reduce to finding the cofactors of a gram matrix. Specifically, it can be shown
by use of the pencil-of-functions theorem [6 ] that the vector Yy can be obtained
in the following way:

1. Form the Gram matrix [16]

K-1 T
Gy = I k)d (k) ,

k=0
£ where N = 2n + 2
§ 2, Find the diagonal cofartors of CN; call them Aii
% 3. Then 3
= T 1 — ——
= ~e——=—n=z| ./ oo
: a /), [ by ’ ‘/ANN]

Finally, using the transformation (7c¢) we have the desired parameter vector § = Cy

C. Proof of Measurement Filter Theorem

The relationship in (1), or equivalently (2), may be written as

a v = ' g k@ ®
where

_ T
a = [1 Ape oo e an]

B T
b = [bob] e e e bn]
¢ = 1l z-‘ Coe e e Z—n]T

5
B S = N W % ey e




On the other hand the measurement signals have the following represen-

tation. Consider the output measurement signal yi(k); its transform is

i

Yi(z) Mi(z) Y (z)

i l—sz—l
= I — y(z)
=1 ]-ng

i -1 n
n (1—P£z Yy I
=1 =i+l

1
D\Z) [

(1-0,2™1) ¥(2)

1

) [coi Cyqy + - Cni] L Y(z2) 9)

where

n
Q- e (10)
=1

and the numbers cji are the same as defined in ejuation (6). Now the output

D(z)

measurement vectors may be written as

) - T_1 T
Y(z) = (YO(Z) .o Yn(z)] = 502 Cgy(z) (11)
where the (n+l) x (n+l) matrix C = [Cji] is given by the numbers cij defined
above. In a like manner, we have
. T_1 T
X(z) = [Xo(z) .. Xn(z)] = 50 c't x(z) (12)

We can now state and prove the measurement filter theorem.

Theorem - If the signals y(k) and x(k) satisfy ( 8) for some parameter

vector (a, b), then the measurement vectors satisfy the orthogonality

condition
T T
[ B7] y()| = 0 for allk (13)
-x(k)
whore
a = cta (14)
8 = ch (15)

Proof. The matrix C can be shown to be nonsingular.

Therefore we can rewrite
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Upon substituting (11) and (12) this equation yields
' 8 [yxm] - o

ey,

-X(z)

The result sought by the theorem {s obtafned fmmediately upon taking the inverse

transform.
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2.2 APPLICATION EXAMPLES I B
EXAMPLE 1 A%
As a first example of the identification routine, data from the transfer i
function <
‘ (10%) 310) o’ (10%) :
“4(5) = 3 + 7 + 3 + - 3
s+7(107)  s+7(10°)  s+(10+j25)10 s+(10-325)10
was obtained. The input driving function was a square-wave followed by a de-
caying exponential. Two cycles of square wave with period 0.05usec were used,
followed by the decaying exponential with time constant approximately equal to
0.05usec. This input was selected based on apriori knowledge of the network
behavior., The spectral content of this input should supply a sufficient amount
of energy to the fast mode (s = =7 x 107) and to the slow and oscillatory modes ég
3
=
for accurate identification. =
£
5
Five hundred points of data were used (MP1=500) with a sampling interval 2
& = 0.002usec. The option IREM =1 was used in this example because direct trans-
mission could not be assumed. A fourth order model* (N=4) was desired for this
network. The identified poles and residues of the model are given below, to-
gether with the actual ("6(8)) poles and residues.
R, (s) Poles Identified Poles H (s) Residues Identified Residues =
4 4 =
=
-7.x10° ~7.0x10° 1.0(10%) 1.0¢10% ;.
-7.x107 ~7.0x10 30.0(10% 30.0¢10%) L |2
6 6 6 6 3 =
-(10.+325)10 -(10.0+j25.0)10 1.0(107) 1.0(107) H E
-10.-j25)10%  -(10.0-325.0y10° 1.0¢10%) 1.0¢10%) e
=
As seen, tha identification of the transfer function was very accurate, and =
the corresponding mean-square and root-mean square errors for this identification ‘%

i
are both 0.0Z. Plots of the input-output data and the actual and modei responses ﬁ £
are shown in Fig. 2. g E%
* A rational transfer function with an nth degree denominator is veferred here as é? %E

being of uth order. = =
8 . §

E
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Example 2

We examine the applicability of the identification technique to responses
obtained from a wide-band transistor amplifier circuit.

ST TEL TR )

Py

rp—

L b e ek b TR

The schematic and
equivalent model of the circuit are shown in Fig. 3.

A
\'b \’c i
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Fig. 3. (a) Schematic of common emitter amplifier circuit
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(b) Equivalent circuit model
As shown in Appendix C, the network transfer function is

V() 8(10) s (s-8000_(10%)) ]

Vs 6Ny oenr1n6 6 g, )
1 (s+.033(107)) (s+.080(107)) (s+25.2(107)) (s+1205.1(107))

The network function can be identified successfully only by performing

separate tests in three different frequency regions:

f

d

H(s) =

i

i

Y

(i) Low frequency region (L)
(i) Mid to High frequency transition (Mi)
(iii) High Frequency region )
A discussion of these three regions is given in Appendix C., Heve we shall focus
primarily on the results of identification.
(1) Low frequency region

An adequate low frequency description of eq. (17) is given by *

. 2

“] (S) 2 - ---——-g:).l.f-(.}.{‘..)_l_‘i v e ...6 —— (]3)
‘ (s+.033(]0?)(s+.080(10 ))

1t is therefore desirable that we seek a second-order (N=2) model

of the network given by eq. (17). The input used is a single triangular pulse

I TN M MR AT VT e G R R

i

of duration 125psec. One thousand points (MP1=1000) of input=-output responses,

bt

A . a B & e S ® e mm E Aot X Ty et mam = .

* In practical applications, such approximations will of course not be available.
But the designer, or even the test englueer, frequently has some idea ot the
eritical frequencies of the systenm.
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sampled at A = 0.25us are used for modeiing. The option IREM = 0 was used
because our low~frequency model will exhibit direct transmission.

The computer program IGRAM yields the following low-frequency model:

i (o) = - 20,125 (5-0.0015(10%)) (s+0.0012(10%))
(s+0.034(10%)) (s+0.075(10%))

(19)

Comparison of the identified model, eq. (19), with our low frequency approximation
(eq. (18)) shows close agreement. The rms error between the measured network time
response and the model response is 1.206%. Plots of the input-output signals and

of the actual and model responses are given in Fig. 4.

ii) Mid to High frequency transition

As discussed in Appendix C, an adequate mid to high frequency transition
description of eq. (17) is given by

(o= - _13_&;_1;9?25_-

(s + 25.2(107))
which is a single pole function. Thus, we will attempt to model the circuit
with a first-order transfer function (N=1). Since this approximate description
(eq. (20)) does not exhibit direct transmission, IREM # 0 should be used in the
program. For this identification, 1REM = 1 was selected. For reasons mentioned
in Appendix C, bias was assumed present (IBIAS = 1) on the data. Five hundred
points (MP1 = 500) of input-output signals, sampled at A = 0.0lusec, were usecd.
The excitation used was a narrow band signal with a center frequency
near the critical frequency (s=—25.2(106)).

The computer program ICRAM yields the following mid to high frequency

transition model:

5200 (10%)_ .

H (s) =
hm (s+24.92(10%))

2y

The rms error between this model a.ad the actual retwork respon (obtained from
the original 4th order transfer function) is 1.99'%, A graphical comparison is
given in Fig. 5.
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iii) High frequency region
An approximate high frequency description of eq. (17) is shown (Appendix C)

to be

8(107) (s-8000(10%)) 22)
(s+25.2(10%)) (s+1205.1(10%))

.v“(s) =

We will therefore attempt to model the

which is a two-pole function.
Direct transmission

circuit with a second~order transfer function (N=2).
cannot be assumed, so that IREM = 1 was used for the model.
points (MP1 = 500) of input-output signals, sampled at & = 0.00025usec were
A narrow-band signal with a center frequency of 6300 Mrad/sec was

Five hundred

used.
used for network excitation.

The computer program yields the following high frequency model:

i (o - 2.79.010%)_((s-19060(10%)) 23
(5+25.7(10%)) (s+1139.5(10%))

The rms error between this model and the actual network response is 0.919%.

A graphical comparison is given in Fig. 6.
We have now obtained a description of the networ’ hehavior in the three
The models obtained may be pieced together in such

frequency regions of interest.
Omitting the details

a way as to synthesize the overall behavior of the system.

involved, the following model may be obtained from eq's. (19), (21) and (23):

2.2(10%) (5~.0015(10%)) (++.0012(10%)) (a-199060 (10%))
(s+.034(20%)) (s+.075(10%)) (s+2 49 (20%)) (s+1239.5(10%))

a(s) =

Comparison of this model with eq. (17) shows favorable agreement.
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2.3 Program Description
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This FORTRAN IV program determines a linear model (transfer

function) of a network from recorded laboratory responses. The linear model is

obtained via the pencil-of-functions method discussed in Section 2.1. The

program has certain features which are discussed below.

Network modeling involves the determination of the coefficients a, and Bi

of a rational transfer function of the form

1l n
B +B.s  + ... +B s
H(s) = 21 n L an

a +oas + ... +as
o 1 n

such that the output of this model to a given input will approximate the actual

network output to the same input. Equivalently® in discrete time [17] we wish to

determine the coefficients ai and bi of a function of the form

If the network under study is assumed to have direct transmission, the

numerator coefficient bo is nonzero. This choice of model structure is imple-
mented by setting IREM = 0. When direct transmission cannot be assumed (i.e.,

it is known on physical grounds that the impulse response of the network wiil

not contain an impulse), then bo should be set to zero. This is accomplished

with IREM#0. For example, if IREM=1, the coefficient b, in equation (18) is

0

set to zero; for IREM=2 the coefficients b0 and b1 are set to zero. It is

recommended to use IREM=1 whenever direct transmission cannot be assumed.

All calculations are performed in discrete time; finally H(z) is :iransformed Yy
means of a pulse invariant transformation®(1ZT$=2) to the corresponding

continuous time model H(s). After modeling has been accomplished, the
* See Appendix D
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Normalized mean-square error @nd its square root) comparing the model and actual

network responses are calculated (subroutine ERROR). These errors are calculated
as shown below.

L Ix(k) - x

riny2
x model‘k)]
N.M.S.E.

£ x2(k)
K

R.N.M.S.E. = Y N.M.S.E.

Another feature of the program is the capability for bias-removal from

the recorded laboratory responses (IBIAS=1). This feature allows consideration

for bias that may have been introduced through the laboratory measurement
system to the recorded output-input data.

Finally, a plot option (IPLT) is available.

When IPLT=1, two sets of
plots are given.

The first shows the original output-input data measured
from the network. The second plot contains the original network response and
the identified linear model response. This plot allows visual inspection of

the closeness of the model fit to the actual (desired) response.

3
-3
%

To enable the test engineer to effectively use the program, a description
of the input data cards is given below.
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INPUT DESCRIPTION

CARD #1 The first card is a title card. Columns 1 through 80 are
available for an alpha-numeric tirtle.

CARD #2 Option card containing three variables

Variable Name Description Columns
(Format)

N(15) Order of the system 1-5

MP1(I5) Number of data points 6-10
(ovtput-input data)

IPLT(15) Plotter option; 11-15
IPLT = 0 no plots
IPLT = 1 plots on line printer

CARD #3 through CARD {2+NOUT)

NOUT = [ (MP1+7)/8], where [A] is the truncated
value of X.

The output data is entered on these cards in
8F10.0 fields.

CARD #[3+NCUT]} through CARD [2+NOHIfNIN]

NIN = [{(MP1+7)/8], where [X] is the truncated
value of X.

The input data is entered on these cards in
8§F10.0 ifields.

*CARD #[3+NOUT+NIN] Second option card containing six variables.

Variable Name Description Columns
(Format)

N(15) Order of the system 1-5

MP1(15) Number of data points (output-inputr data) 6-10

ISKIP(15) This variable determines the sequence of points 11-15
plotted on the printer. 1If ISKIP = 1 every
data point is plotted, and if ISK1IP = 5 every
fifth point is plotted, etc.

IREM(15) Variable used to specify model structure for the
identified system. 1If direct transmission is
assumed, IREM=0. For IREM=m, the first m terms
(in ascending order) of the model numerator
polynomial are set to zero. It is recommended
IREM=1 when direct transmission cannot be assumed.

[ —

*At first glance, this card may seem partially repetitious with CARD #2.
However, when multiple identification runs on the same output-input data
are desired, then more than one such option card may be placed here, with
the option variables changed as desired (for instance, a run on only part
of the output-input sequence may at times be needed).

16
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IBIAS(1S) Bias~removal option
IBIAS = 0 no bias is assumed present on the
output-input data.
IBIAS = 1 bias, assumed to have been introduced
by the measurement system, is
removed before identification is
performed.
DELTA(F5.0) Sampling interval

END OF FILE CARD

A listing of the FORTRAN programs used is given in Appendix A |
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I1I. COMPUTER ROUTINE FOR HIGH PRECISION INVERSION OF
SECOND CRDER VOLTERRA RESiDUE MATRICES

The determination of the residues of the quadratic TF, H,(s,,s,), in-
volves the solution of a set of linear equations. Unfortunatély, the number
of equations involved are large, for example 12 [2] even for a modest single
pole-pair situvation (i.e., where the linear TF has two distinct poles).
Solution of these equations can lead to computational errors unless extrere
caution is exercised in the inversion of the associated matrix. In fact the
problem is further aggrevated in cases where the system is wide band, i.e.,

when the poles of H,(s) are spaced several decades apart.
the poles of H, (s

which can result

In such situations,
,52) involve sums and differences of the linear TF poles
}n precariously close values. For example, if

Al = 50 radians/s
Az = 50 M radians/s
then
Al + AZ = 50.00005 Mradians/s

Al - 32 = 49.99995 Mradians/s

This in turn causes the associated columns of the coefficient matrix corre-~
sponding to these poles to be almost scalar multiples of each other. The
matrix thus becomes nearly singular, or highly ill-condirioned to invert.

The progran presented in this section is designed to deal with such
wideband cases, and more generally, to invert ill-conditioned matrices where
ever they may arise. 1t is hoped that by mastering the various capabilities

of this routine the analyst can cope with almost all situations of practical
interest.

The program possesses the following features which enable high-precision
inversion:

Adaptive Scaling

Application of Perturbation Theory to I1l-Conditioned Matrices
Iterative Correction

Before discussing each of these in detail, it is useful to define the

term "ill~conditioned" matrix - We will call a matrix ill-conditioned

if (3) the rows (or cclumms) of the matrix are nearly dependent, (b) "small"
changes in one or more entries of rhe matrix result in large changes in its
inverse, or (c) the nonzero entries of the matrix differ widely by several

orders of magnitude (and remain so even after appropriate scaling has been
performed) [ 18}, [19], [20].

Note, the above conditions are not mutually
exclusive.
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3.1 ADAPTIVE SCALING

In many applications the entries of a matrix differ widely in their respec-
tive sizes. For a linear system of equations this situation arises when the
values of the (unknown) variables are orders of magnitude different and/or the
various equations have right-hand-sides which are orders cf magnitude different.

This situation can be remedied in many cases as follows. Denote the matrix

of interest as Ao. Then 1t is possible to factorize Ao as

= = 1
A PAl PAQ 69

where P and Q are suitable diagonal scaling matrices [19]. The following method

was developed to obtain the diagonal matrices P and Q, and hence the new matrix,
A,

k-

The diagonal entries of matrix P are successively computed from the product

of afl "significant" terms fn the successive rows. The term "significant" can

be specified by the user (in the examples presented here avy entry greater than
15 orders of magnitude below the largest entry in the row of interest was con-
sidered significant);a default value of 15 orders of magnitude is assumed. Then,
the Piith entry of the diagonal matrix P is computed as the (ni)th root of the
magnitude of the aforementioned product, where n, is the number of terms in

the product.1

1The scaling of the ith row may be stated mathematically as follows; let

I

a

MaxABS(A ),, [largest entry of ith row]
i 3 [

o, * 10_m [threshold for ith row (m choosen by the user))

Bi i

(Ao)ij : ABS(A ) j>Bi [qualifying entries of ith row]

uy = number of qualifying entries in ith row
Then .
p,, = (), et
- qualifying J

entries
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At this point, we have factorized matrix A0 {nto two matrices,l.e, AO =

po¥ Al‘ where the entries of Al are speciftied as follows:
p = 1, (.o, N 2

(Al)i_i = (A(\)ij/ i’ ] , . (2)

It should be noted that in certain cases, the above row scaling will
fice,

suf-

and further scaling wmay not be necessary. However, in general, the
above process may be repeated, this time utilizing column scating, Spe-

cifically, the column scaling involves factorizing Al such that Al = A X Q,

where Q is diagonal. The entries of A are obtained as

(A)U = (Al)iJ/QjJ' i=1,

ey N 3)
The entries of the scaling matrix Q@ are chosen in the same manner as those of

P, except that columas rather than rows (of Al) are examived,

L . o O AT SRR
e T e T S

Utilizing this technique, the desired fnverse is seen to be

b= gttt el (4)
o
Example 1
0.10000000 E+03 0.20000000 E-04 0.29999999 E-01
Ao = [ 0.19999989 E+06 0.40000000 E-01 0.60000000 E+02
~0.10000000 E+10 0.10000000 E+03 0.0

Inspection of matrix Ao shows that its entries differ widely in relative

magnitudes; In fact theve {s a difference of fourteen orders of magnitude.

Thurefore, scaling can be usad, vielding the following: AU = PAI = PAQ, where

a
i 0.391486768E- 01 0.0 0.0
éf P o= ]0.0 0.78297339E+02 0.0
3 0.0 0.0 0. 316227765406
E -
72» Row Scaled 0.25543647F4+04 0.51087295E-03 0.7663094 3E+00
i%. Matrix, A, = | 0.255476391404 0.51087304E-03 0.766309565+00
23 -0.31622776E+04 0.31622776E-03 0.0
k)
; 0.2742764 TE4+04 0.0 0.0
ard
‘ Q = (0.0 0.43538684E-03 0.0
ik 0.0 0.0 0. 76630949400
’%
éﬁ Row and solumn scaled matrix,
? 20
o SRR BT TTITR VA Y
n T R o T WL e R 5 FERRE L N
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70.93131018E+00 0.11733771E+01 0.999999910E+00
A = | 0.93130987E+00 0.11733773E+01 0.10000001E+01
-0.11529525F+01 0.726314477E+00 0.0
-1 -1 -1 -1 .
Now, AO =Q A P 7, and the inversions yield:
0.20000000E+05 -0. 10000000E+02 ~0.54977761E-18
Ao‘l = | 0.20000000E+12 -0.10000000E+09 0.99999999E-02
=0.19999996E+09 0.10000000E+06 -0.66666666E-05 |

The product :’\0(!\0)_1 is given by

0.10000000E+01 -0.17053025E-12 0.26469779E-22!

-1
AO(AO) = 1-0.95367431E-06 0.10000000E+01 0.5&210108E—19i
0.0 ~-0.95367431E-06 0.10000000E+01 |

Checking Product of Aorig and Tts Computed Inverse

After having computed the inverse, it is desirable to check the accuracy

of inversion. The obvious way to do so is to obtain the product of Ao and
A;l and to examine how close it is to the unit matrix. However, in view of
the finite word-length of the computer, this product must be computed care-
fully. Whenever scaling methods are employed, the product of Ao and its in-
verse may be determined in a number of ways. This will be discussed for three
different cases: (i) row scaling, (ii) column scaling, (iii) both row and
column scaling.

(1) Row Scaling: A_ = PA

In this case, A;l = A_l P_l. Therefore, as a check on the dependability
of A;l, the product AOA;l would probably be examined as follows:

aal=p@aalpl (5a)
o 0
On the other hand,
A;le = A'l(P'lP)A = a7 1a (5b)

Equations (5a) and (5b), while representing the same quantity (AOA;1 = A;IAO),
may not be found equal due to the avallable comvuter accuracy (finite word-

length). Example 2 illustrates this point with an extreme case.
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EXAMPLE 2: :
0.10000000E+03 0.20000000E-04 0.29999999E~-01 §

A, 0.19999990E+19 0.40000000E+12 0.60000000E+15 o
~0.50000000E-08 0.49999999E~11 0.0 -’g’

-

Factorizing A , we obtain A_ = PA, where ég
[s] (o] - =

[ 0.39148676E-01 0.0 0.0 %

P = | 0.0 0.78297339E+15 0.0 E

| 0.0 0.0 0.15811383E-09, -5

T 0.255436478+04 0.51087295E-03 0.75630943E+00 %

A = | 0.25543639E+04 0.51087304E-03 0.76630956E+00 &
|-0.31622776E+402 0.31622776E-01 0.0 5%

R

Now, matrix A is inverted, yielding

0.78297352F+03 -0.78297339E+03 -0.22097009E-14
A = | 0.78297352E+06 ~0.78297339E+06 0.3162277661E+02
~-0.26104324E+07 0.26104333E+07 -0.210818510k-01

The product AA—l is computed as

0.99999999E+00 0.23283064E~G9 -0.43368086E-17
-0.23283064E~-09 0.10000000E+01 -0.43368086E~17
~-0.45475735E-11 0.272848411E-11 0.99999999E+00

- - -1 - -
The required inverse, Aol, is computed as Aol = A P 1. Once Aol has been

computed, we can obtain the product of Ao and A;l by use of equation (5a) or

(5p). Utilizing Eq. (5a), vields
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0.99999999E+00 0.0

-0.21475700E-09
A alepcaahrl 0.0
00

0.99999999E+00 -0.42951393E+07

0.0 0.0 0.99999999E+00

Comparison of this matrix with the unit matrix (the (2,3) entry in partic-

ular) would yield the fauity conclusion that an accurate inverse has not

been obtained. 1f, on the other hand, Eq (5b) is used as a check, we find
that

0.99999999E+00  -0.69876856E-16  ~0.17053025k- 12
: n;lA)=A_1(P-1P)A=A—1A = 1=0.29795324E-06  0.99999999E+00  ~0. 10186 340E-09
C

0.25428985E-05 0.36878730E-12 0. 10000000E+01

Comparison of this matrix with the unit matrix would be favorable. Thus, in
the case of row scaling, equation (5b) must be used as a chech on the product

Ao and Ao due to the finite computer word-length . Use of this ecquation

avoids the possible problem (present in Eq.ba ) that the matrices P, (AN )
;1
and ¥

iy

B

may not be compatible for multiplication, as exemplified above. To

Wi v & g

A

1

- -1

reiterate, in the case of row-scaling the product of A‘ and A‘ must be
(8 {

computed as A "A =

(& [¢)

-1 . -
A A, where A is the scaled matrix,

&
Lenid S

i1) Column Scaling: In a similav manner we will show that the product

-1 .
AA 7 must be used as a check on the goodness of AO in the case of column
scaling.

This can be seen from a comparison of the tolloving equations,

where A = AQ and A—l = 1A.
0 Q
A la = Q"'(,\'l,\)Q (6:)
(o} f (4} al
Voa@ ha™! = aa!

A A
QO O

(6b)
Again due to finite word length in the computer, equation (6b) should be
used to verify the goodness of the inverse vhen column=scal.ag is performed.
ilf) Row and Column Scaliag: o this case, matrvix A is factorized as
R . : -1 -1,-1,-1 " .
AO = PAQ, with the required ianverse, A1 =0 A P . The decision teo use
C
-1 -1 ; :
AOA0 or & “A as a check towars the accuracy of the inverse obtained way be
[\ O *
. : : -1 -1 :
arrived at as follows., The equations representing AOAO and A) A arve
C
23
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2 AA
=i 0o 0

b and

A—l

A
o o

= paqQ hya lp”

L. P(AA’l)p"l (7a)

oI e myag = ¢t A (7b)

magnitude betweer the largest and smallest entries in the

These two differences are com-

% The difference in
= diagonal matrices P and Q is calculated.

pared, and the matrix with the largest difference is attempted to be

Thus, if the entries of P are more incomnatible

q eliminated (either P or Q).

EXAMPLE 3:

e for multiplication than those cf Q, equation (7b) would be used as a check

rather than equation (7a). An example will help to clarify this procedure.

bl senbassensde b R SR R

it

"0.10000000E+03 0.20000000E-04 0.299999995-01] fg
A, = | 0.19999990E+19 0.40000000E+12 0.60000000E+15 | =
1-0.50000000E-08 0.49999999E-11 0.0 E =
The matrix is now expressed «& AO = PAQ, where
+'0.39148676E-01 0 0.0 )
P = ; 0.0 0.78297339E+15 0.0 ;
' 0.0 0.0 0.15811388E-07 }
i0.59o9107sa+03 0.0 0.0 i ]
Q = ;o.o 0.20208866E-02 0.0 !
0.0 0.0 0.76630949E+00_
! 0.43227589E+01 0.25279643E+00 0.99999991E+00
A =t 0.43227575E+0] 0.25279647E+00 o.1oooooooa+01f
,=0.535153177E-01 0.15647971E+02 0.0 j

W
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e ST =
%
0.462066748E+H06 =0.462667408E+006 -0.13086035E-11 g
A-I = 0.15823007E+04 -0.15823005E+04 0.63906048E-01 f
-0.20003991E+07 0. 20003998E+07 -0.16155222E-01

Comparing the magnitude difference between the largest and srallest entries

b ]
of P and Q, it is found that in P, the difference {s approximately 10‘&

: ,
. while in Q the difference is approximately 105. Therefore, Eq. (7b) should
é be used, in order that multiplication fnvolving P aund P_l is avoided.
? Performing the required multiplication indicated in Eq. (7b), we obtain
: " 0.99999999E+00  -0.70030334E-16  =0.5661 398-’41&-13.‘
? ,\;IA;Q‘l(A‘I.\)Q = |-0.236515238-06  0.99999999F400  -0.431094448-10
g% : L 0.89538983E-06 0.156061482E-12 0.10000000E+Glj

Rty Y

o

o

3.2 PERTURBATION

In some applications, th- given matrix may be {ll-ccaditioned to the
point that the scaling wethod described above will not atlow inversion of
the matrix to the desived precision. TIn this case, application of per-
turbation theory to the scaled matrix, A, may be helpful. Several methods
will bLe described.

A. Diagonal Perturbation

S e

The first method contists of forming a new matvix [18)

C = A+cD &

where A is the scaled version of t' - sriginal matrix and D is a diagonal matrix
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cndaidft
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whose entries can be taken as those of the diagonal of A, The multiplier, .

is chosen te be suitably small (more will be said about this choice later)
such that C is invertible (allowing for the available computer accuracy). We

can now write A = C - £ so that we have parameterized A in terms of the

small parameter, €. Since A = A(f) is an analytic function of ¢, its inversc
is also an analytic function of €; therefore, a power-series may be written.

Indeed,

" Hv‘u“y“r o iy &
MBI LA S A S use e e S

-1 -1

A7 = (C - ¢D)

a - ec iyt

-1 1 -1

= [C" 4+ eC DC T+ sz(c’ln)zc'l + ... 9)

S
TR e
]

e

Thus, using C-l, D, anq €, the inverse of A may be computed. An advantage
of this method is that it can be performed without auny visual inspection of
the given matrix. This is so because the diagonal matrix D is specified
automatically. A disadvantage worth noting is that the required
inverse, A—l, is represented as an infinite series of matrices and cannot be
expressed in closed form. Thus, an exact representation of A-l cannot be
obtained, although it can be approximated to the required accuracy by computing
and summing enough terms of the series.

We now return to the matter of choosing a suitable value of €. Clearly,
the smaller the values of ¢, the faster will be the convergence of the series
(2). On the other hand, € must be large enough so that it results in adequate

perturbation, i.e., such that C is invertable with the available computer E

accuracy. It is useful to note that a theoretical upper bound on € can

be obtained; indeed for the series (9 ) to converge it is necessary that | be

less than 1.0/|largest eigenvalue of C-IDI. {19}, [20].

B. Single-entry Perturbation

Lot Bt b b 0

An alternate perturbation method consists again of forming a new matrix

o WA o s -

C=4A+¢D

where we now restrict the perturbation matrix D to have

26
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only one non-zeroe entry, again on the diagonal. Without loss of genevality,

this non~zero entry caun be taken te be unity. Then, the matrvix D has rvapk-one,

trace-one and hence can be written as
D = Xy (10)
Thus |
P R
« (1 - ooyttt

- - - 2 T .-
= 1 + vC ]X{l + 5Y1C IX + ({Y1C IX)‘ + ...]\YIC 1) an

Now, the gquantity in brackets in cquation (11) {s a power=series fnvolving

scalar terms. Thereforve, cquation (11) can be expressed as

ATV e L ey “""’li-"‘-T‘ ateh (an
1- el

It cau be shown that the series converges for all -,

N It is, however,

: best to choose ¢ < KRS Thus, cquation (12) represents an exact solution
= -1 Y'C X

= for A . A disadvantage of this method is that visual inspection of the matrix,

A, is necessary to determine the row(s) and/or column(s) causing difficulty in
the inversion process, aud thus a suitable entry te perturb.  An illustrative
example of this method is given below.

ENAMPLE 4:

0.10000000E+03 0. 20000000E-04 0.29999999-01 ]
Ao = 0.19999989E+06 0.40000000t~01 0. 60000000EH2
~0. 10000000E+1Q 0.10000000E+03 0.0

A visual inspection of this matrix shows that the first and sceond rows
are nearly identical to within a wmultiplicative factor of ~.0 x 13, Therefore,

suitable diagonal entries for perturbation would be either the (1,1) or (2,2)
entries. The (2,2) entry

was sclected for perturbation, and through iteration,

Sk

B a suitable value of € was found to be ¢ = 1. x 10-1Q‘ Scaling was first per-
ZEA
%&ii formed, and then the perturbation yielding:

S

TR




0.93131018F+00 0.11733771E+01 0.99999991E+00

0.0 0.0 0.0
A=C-€D =| 0.93130987F+00 0.11733773E+01 0.100000008+01]-102%]0.0 1.173377 0.0
-0.11529525E401 0.72631447E+00 0.0 0.0 0.0 0.0

Note that D can be expressed as D = XYT so that

0d

[0.0 -

11.173377

0.0

[0.0 1.0

The inverse of the origiral matrix can now be computed as discussed:

0.20000000E+05 -0.10000000E+02 0.52504835E~18
A;l =! 0.20000000E+12 ~0.10000000E+09 0.10000000E-01
-0.19999996E+09 0.10000000E+06 ~0.66666666E~03

This yields the product

['o.1ooooooos+01 -0.51159076E-12 0.66174449E-22
AOA;1 =1-0.95367431E-06 0.10000000E+01 0.0
l.o.o -0.95367431E-06 0.99999999E+00

C. PERTURBATION: THE LIMITING CASE:

In the previous discussions on
perturbation, it was shown that matrix A is a function of matrix C and the

scalar quantity, €. That is A = (C(¢g),£).

Recall also that whereas A
was ill-conditioned (for inversion), there were certain values of ¢ for which

the newly formed matrix C could be made well-behaved. Inspection of equation

( 8) shows that

~1

A !

= Rim C

€0

(13)
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This observation can be expleited in the following way. Successively

small values of €, say Ei' are used to form & family of C = C(ii)

matrices. The inverse of C(Ei) is computed for each value of si used, and
the successive inverses are examined. There will exist a region wherein
reducing the value of € from Ei to ¢ will have little effect on the entries

i+l
of C—l. This is shown graphically in Figure 1.

c-l \ (Shaded region is where C—‘
\ is not well-behaved)

i (B

] l I'

i i 1 [} N

t . 1 . il

i v t 1 l\
- i : C. ; __!)’_ >
€ e,

min i 2 1

small ¢ larpge ©

Fig. 1. Effect of small changes in £ on C_l.

R . . . -1 .
In this region, C can be taken as an approximation to A 7. As seen in

Figure 1, there will exist some € . for which the inverse of € is well-
behaved. The closer the selected value of = is to this value of ymin
1

. Although this method wmay only

« the
better will become the approximation e

R . -1 -

vield an approximation to the actual required inverse, A 7, it wmay be further
refined by use of the methed desceribed in the next section. Iun fact, the
iterative correction method (of the next section) way be used in conjuction

with all of the methods discussed earlier.

3.3 1TERATIVE CORRECTION

Consider a matrix, X, and assume that its inverse hes becn computed as

1

Y3 X . The iterative correctior method (see Fig. 2) consists of formiug the product,

XY, comparing it with the identity matvix, and improving the computed inverse,
Y, by an amount proportional to the error between XY and the unit matrix. To
examine the effect of this operation, let

Y e X'U o+ B (19

where 1 = identity matrix and E is equal te rhe difference matrix between
XY and I.
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XY = (I +E) 1s)
E= (XY -~ 1) (16)
) N . - = L ’ e 2 . w
Now consider the iteration ¥y oo =Y - VE (12]. Cleariy (17a)
Y. =Y - YE
improved
=x e Ba-E)
~1 2
=X (1 -ED) (17b)

Upon the second iteration,

=1 4
, _— +
Ximproved xa E)

and so on. This prodecure can be depicted in block-~diagram form as in

Figure 2.

I -E MULTIPLIER
; = , =D

l MULTIPLIER <;

XY

X

Fig, 2: Block diagram representation of iterative correction method.

The number of 1iterations tc be used may be specified by the user. For
this work, n 4iterations have usually been used, where n denotes the dimension

of the matrix in question. Note that a more general version of (17a) is

Y =Y - B * YE where B8 is a suitable positive fraction.
improved

EXAMPLE 5: (Effect of iterative correction)

0.10000000E+03 0.20000000E-04 0.29999999E-01
Ao =1 0.19999999E+06 0.40000000E-01 0.50000000E+02
~0.10000000E+10 0.10000000E+03 0.0
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i 0.19999999E+06

R;1 0.19999999E+13
| -0.19999999E+10
so that
0.99999999E+00
AA) = T -0.15258789E~04
Q0

_~0.11718750E~01

woMee

: 0. 10000000E+01
: AKX = 0.0
[o]
-0.15625000E-01

with N(=3) iterations performed,

© 0.99999999E+00
AA = | 0.0
L -0.78125000£-02

4

RS S s e

0.19999999E+06
A = 0.19999999E+13
-0.19999999E+:0

Assume that the inverse matrix has been computed as

-0.99999998E+02
~-0.99999998E+09
0.99999998E+06

0.36379788E-11
0.99999999E+00
0.15258789E~-04

0.0
0.10000000E+01
0.0
0.0
0.10000000E+01
0.0

original value in the 3 iteratioms.

The improved inverse has been computed as

-0.99999999E+02

~-0.99999999E+09
0.99999999E+06

31

-0.10058593E-16 |

H
0.99999998E~02 |
~0.66666665E-05

0.529395495—25]
0.0 !
!

0.99999999E+OOJ

Now, if 1 iteration of the correction method is performed,

0.0
-0.54210108E-19
0.99999999E+00 |

~0.13234889E-22
0.54210108E-19
0.99999999E+00

It can be seen that the product AOA;I is approaching the unit matrix. The

worst entry, (3,1), in the product has been reduced to about 60% of its

-0.766572578-17
0.99999999E-02
-0.66666665E-05
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This example has demonstrated the usefulness of the correction method in im-
proving the calculated inverse.
3.4 APPLICATION
Determination of the kernels of the volterra model can be accomplished by
identifying the various link transfer functions Hl(sl), Hz(sl,sz), etc. The
first step, of course, is to determine Hl(sl) for the small signal linear case.
Next, identification of Hz(sl,sz) is attempted. However, it is shown in {1}

1
poles of the linear transfer function Hl(sl)' The residues at these poles

that the poles of R s T iv Y.y = A, + X wh A, A i
P 2(51’ 2) are given as Y, g where A, A are the

can thea be determined by solving a set of linear equations from data obtained
far larger amplitudes where quadratic effects become nonnegligible.

The set of equations which nmust be solved (for computing residues of
the response) may form a nearly dependent set if the network is a wideband (i.e.,
its poles are seperated by two or more orders of magnitude) network. Accurate

inversion of the corresponding matrix can be quite a formidable task in this

case.
In this section, a 12 x 12 matrix generated in the analvsis of a wideband

network is examined. The equation of interest is

-1,
R = (:\o) Y

where R = column vector of residues of poles of the system response
Y = column vector of integrated system outputs at time T
Ao = 12 x 12 matrix whose entries are generated by
AT . -1
e J i T 1
(A),. = - L ()5
o'1ij A =1 (==1)! \1+1-m
i .
The linear portion of the system examined has two poles. These poles are
A, = -0.011550998(2r)(10%) rad/sec
L, = -10.616986  (27)(10%) rad/sec

The system is excited by the input function

X, () = %1% + 2% uin

o, = -107 rad/sec

-1.75 x 107 rad/sec

o
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input and lineer transfer function poles as

Lo

~

The poles of the quadratic response of this network are found in terms of the

The difficulty in in-

2 7 H
= = 2
§ Y, Ty
%, = 7
Yy 2
. Yy = kl + XZ
Yo = %ty
' Y,o= o0yt
Yg = a2 + Al
Tg = Gty
g Y10 T %
i T T2
i
b =
: V2= ute
é% The matrix A was geserated for T = 6,0 nanoseconds.
%? verting this matrix arises because YZ ¥ YS and consequently
14

C(1,2) * C(1,5)

for all I, thereby making accurate inversion by standard routines impractical.

.1e matrix A0 is shown below.

A S padnt b, B
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0.5071257212721°73:504 39
0. 14974318054 05055211 =23
0.1287523535.00435/700=11

0.17/7%15825147162150D400
G.O7C05502707320.45220-)2
008N 03:2530050u,0-02

9.356)147237152522450-31
0.25041 005794058553 71-37
9,2054014213730132730-02

0.535350932035293814-02
0.5000/830+G.33027000-)3
0.4031124715555521250-03%

0.5435204.311223)4270-23
0.733L33353536534504D=04
0.59353352557253353340=-34

0.66313893030322543G5D=34
0.66OLT7814,0162300510-00
0.699051601240274672530-35

0.5526565335324397710-05
J.0L1585%9913218323220-006
0.6565065635312367502uL0~036

0,3823214507376034370+16
0,70570Julu3023455278-17
0,576023012555333)1=137

0.L703271013034329330-27
0.516112353455220945L0=03
0,4263%-33273220525490-03

0.06073325352455L30%00-05
0,53827404256057+330U0=0)
0,27919991033605220200=0)

0.837638078050313339n~91
0,195260014240315, 54010
0.104720551722053755!-10

~0.1154)37100393302640~2
0.20C03220171572093)30=1)
0.,682/250255812270000~12

2.1%2336.5.125791¢700-32
RIS NT UM VERD S el s PRI LIV

3.5%333692733.5233520-0

Q. 07296LuG0L734122370-02
3.% 73%6551535593°550-00
J.275M00015383550.005330-01

42826363500~ 2
2552251070~ .4

1734555003,

0.5011032955051552C1n-23
9. 2203132/53553102120-.2
J.1313750032431327150-02

3. 73436241317825353559-04
U.33874302531312687230-23
0.1938025%3T07933334539-03

3.261336019055703912n=-175
.33086J752.,2220134330-04
0.224450753354335191D-34

3.8622764013,71231390-35
0.304153240%22373324060-35
3.211735524539333412D- 0%

J./73063558355720670700-07
0.7647423300085724130=.3
J.1713314755542940250-38

0.51357541)2325335750+ 40
3.173555355152258357)30-07
9.1223691775535622321-07

0.3355725L5105732506D~33
D.1003320523)034.5230-20
3 775701541555513854D-39

3.1933322792238251190-11
3.535013335524 7623730113
DL UBETE205575335620C5D-29

3.10541035/73605112%10-12
0.39702985U60/70u31410~11
0.232,505150047772150-1)

o JBLIUSET™LE500370P4 )
D 15u5037615%)27275.0D0=)1
0.235723420,8570 061152000

3.53072007201406197)30=32
0,.43315L772235007320-035
.3303034331533502720-00

0.035732785221I662530-233
0.5403)1T1T645534030=34
. 1267154102350 03540+33

J.5690255516051807310-34
0.75°433741575033,430=-0,
2.1423379253,41032450-24

D.053-L34743050L73580-05
I 456232050 ,2373740 50
0.14275227,5.73111709D~3,

9.41253%32355745013370~J0%
J3402050754103334343310=07
3.1179375121%57027420=33

0.275173321320,004010-07
0.401335330632,32515 0,000
Apxac-

W553325L7550033.700D WO

=9,236355572343592655500-,)
3,501, 2505537572030-)9
N.51430,21033533363730-3)

0.1316335263832927550-27
3.177500021,,05525720-2)
0.319.555)061004253720-13

=~9.8324753%353238.5300-97
D0352350501503304223D-12
3.14%,2794517102.2040=11

0.7495334106253533520-J2
0.30325532505251005.9-J1
J.3036303323153677.2:D-01

0.+4410020801273)5110-32
0.,3033532579207255040=31
«2043535755585035430-01

9.131508307200u653050-02
0.3Ul4%,0321027310.50-92
0.,00915925)5/8147400-92

0.2533521107223336250-03
3.1506502151143375% 40032
J.1333175354144521320-92

0.335201020531345350-04
0.23313121927¢3265.10-93
$e15¢42935075055932520-33

0.45001322027532630.50-05
. 28453075105L3375550~34
C.172752/651736134250-04

0.4518557162530367530-00
0.2295574353960774.13-05

0.302872620373025742060-07
S 1058572732550 007220 00
0.133224392 1 suu3Turtu=dv

3220356540731 43430-30
J.13153116605,30 5054001
3.10059¢7752275325340-907

0.12063022936058021.30-03
4.0318020797 13438000~ 9)
G.0LhuS54005524062230-v3

110034307611121.)20-1y
TRI320220840011,50-1)
‘

713767303832 50b-1,

S
3
4

4
1

F.FICI2N53022310235110-12
Gad il idUBHGT 2  Jusn3h-11
3.33533215450704857 3011

It is readily apparent, through visual inspection, that row scaling is

necessary, yielding

A AR S Yot s




FRTATE S

PRI iy I - 733

(ROM) SCALED MATRIX A

0,1416431335321422720402
0.,3G12541293345336.'51430
0.2564905269149400I20- 00

0.5359220369363123350491
0.U1L2425507536133160+00
0.3502524332535742520+00

0.626472123496319554D+21
3.451069J2579772052504990
0.361444301217003770D409

0.51361173455461637350+91
0,530305064230750745610+00
0.386750656581540779260+09

0,4422837194005309389+01
0.5950052251435563370+J0
0.405456I93804304355D400

0.3939733971325955920+401
0,5284217281453505320+90
0.6427504544326177054D430

0.3551)3642433735502D31
0.5454017423502287090+00
0.44%3524905565001370: 00

0.3063122473933206440+31
0.50u33071004457942004 00
0.4063334L703040533207D420

} 0.4140263395935653420+32
6.456091156376453360D+90
0.3759442331391970370+03

-0.626023337u30762332L400
0.3433437375301525510+ 00
0.2375103136513337330«.1)

J3.53595115296G57127190+ 05
0.12723C2157 333443340+ 00
0.1953341,00638272202D0+00

Fr——

=0.5859033152242729440+03
0.539743317349)613970-01
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Program Steps Used:

The row scaling indicated on the earlier pages was achieved
by choosing (see program description on page 39)

ISP = 1

1sQ = 0

As ment:oned earlier, the second and fifth columns of the
original matrix A0 form a linearly dependent set. Therefore, a
perturbation procedure is needed to obtain the inverse. We
used

IPERT = 2
so that the 2,2 entry of the scaled matrix A was pertuvrbed. The
amount of perturbation used was FAC = 0.1E-05. The inverse of the
perturbed matvix C was obtained by the high precision routine
GKRDCT. From C-l, an estimate of A—1 was obtained by use of the
deperturbation routine DPERT1. This approximate inverse was then

refined by use of the routine CORCT2 via the option parameter

ICORCT = 1

The resulting inverse matrix A“l was then descaled, The
inverse of the original matrix, Ao_l , as well as the product
A —lAO are printed on the succecding pages.

o]

(Note that a preconditioning of the original matrix was

employed by setting 1COND = 1. This caused dia ~nal entries of

A0 to be multiplied by 1.000000001 = 1 + 1.0E-Jy.,
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3.5 Program Descrintion

This FORTRAN 1V program performs high-precision matrix
inversinon. This computer program has capebilities for automatic adaptive
scaling of the original matrix.application of perturbation techniques in
finding the inverse and iterative correction of an (approximate) inverse matrix;
each of these has been discussed in the earlier sections.

To enable the test engineer to effectively use the program, a description

of the input data cavds is given below.

Input Data Deck

The input data deck consists of one card coataining input variables,
N2+2

3
verted, where N is the dimension of the matrix and [X] is the truncation

followed by | } cards containing the entries of the matrix to be in-

function.

CARD #1 Option card which contains eight variables.

Variable Name Description Columns
(Format)

N(12) dimension of the square matrix to be inverted 1-2

1SP(12) adaptive scaling option 3-4

ISP = 0 row scaling is not performed

ISP = 1 row scaling is performed

15Q(12) adaptive scaling option 5-6
1SQ = 0 column scaling is not performed
1SQ = 1 column scaling is performed

IPERT(12) diagonal perturbation option 7-8

IPERT = 0 perturbation is not employed
IPERT = 1,2,...,N.perturbation of the (Ao)IPERT,IPERT
entry is performed
IPERT = N + 1 perturbation of the entire diagonal
is carried out
- ISLID(I2) de-perturbation option to be used with IPERT = N+l 9-10
ISLID= 0 deperturbation is performed with
subroutine DPERTZ
ISLID= 1 deperturbation is performed through a
“sliding' correction method (utilizing e

family of matrices)
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Variable Name Description

Columns
(Format)
ICOND(I2) Pre-conditioning option 11-12
ICOND = 0 r& conditioning of the original matrix
is employed
ICOND = 1 the original matrix AO is preconditioned
with a multiplier 1 + 1.0 E-9 along the
diagonal
1CORCT (12) option to be used in conjunction with IPERT = 0 13-14
1CORCT = 0 iterative correction is not used when
1PERT = 0
ICORCT = 1 iterative correction is used when
IPERT = O
IPRINT(12) printing option 15-16

IPRINT = O suppresses printing of many of the
intermediate matrix quantities used for
computation

IPRINT = 1 all intermediate matrices are printed
M i
CARD #2 through card #| %— + 1]
These cards contain the matrix values, and are read
in 3D25.18 format. The matrix entries are entered
on the cards in an order prescribed by columns. That
is, they are entered as first row, columns 1 through

N; second row, columns 1 through N; etc.
END OF FILE CARD

Note a logical flow diagram depicting the effect of various option para-
meters is given below.

A listing of the complete FORTRAN program is given in Appendix B.
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NO CONDITIONING \
1CONN=0) 2

CONDITIONING

{(1conD=1)
SCALING
NO SCALING
(15P=0, 15Q=0)
ROW COLUMN ROW & COLUMN

SCALING  SCALING SCALING (1§P=1)
{1spe1) (150=1) USQ-IS\

PFRTURBAT 10N
(IPERT 0]
N0 PERTURB?TION
(1PER1=0
SINGLE-ENTRY
PERTURAAT L (W DIAGONAL
(0<IPERISN PERTUREAT 0%
(1PERT~Y)
OBTAIN INVERSE
(CALL GKRDCT)
I L 1 |
SINGLE-ENTRY LIDING DIAGONAL NO DE-
DE- PERTURBAT 10N CORRECTION DE-PERTURBATION PERTURBAT I OK .
; -PERTURBAT 10N
(OPERTI) (VFERT~N,  (DPEKT2) {1rinT=0, NO DL-PERTURSATIC

- it (I1PLRT=0,
1SLID-1) l 1CORCY=1) 1CORCT=0)
FINAL BID
FOR CORRECTION

(corctr 1 "R 2)
[

=
1 2
=
t <
=
K
=
=
12
L]

A-l

DE-SCALING

Fig. 3 Flow diagram of HPMINV program options
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APPENDIX A

IGRAM PROGRAM
LISTING

A

A
i

st

wmmmﬁmm i

c PROGRAI BAME: 1GRA

c HETUORK TRANSFER-FUNCTIO0M IDIHTIFICATION ROUTINE UTILIZINS

c PENCIL-OF~FUNCTIONS NETUOD (PURC IMTCGRATORS USER)

c
DINECNSION X(1025),V(192%),50n6(102%),YORG(1924),XRCC(1024) E
DINENSI0: DATA(302%,2),2ATA2(1024,2)  BUFF(3372) iz
DINENSION §(23,295,2(20,20),CAMNA(29), XLANDA(20),COTEF(20) {3
DINERSION PPULSE(6L) L
DINENSTION TITLL(ZI) 1 3
REAL*S G,Z,GANUA, XLAMDA, COCFF i &
REAL*3 DELTA, N, NSAV, DCLSAV,AYGQ, AVLY, SUIV2, XSAV 13
EQUIVALENCE (Z(1,1),BUFF(1)),(6(1,1),8UrF(1591)) r%%
EQUIVALENCE (PATA(1,1),%(1)),(PATACY,2),V(1)) | N
EQUIVALENCE (XORG(1),DATAZ(1,1)), (%2EC(1),DATA2(1,2)) -
COli0 JGKRD/IGKR 13
CONON JUUBERS 2t ' %
cOoILi0N /SIAS/IBIAS 2

c i A
RDEL=2.01 ] %
1AX=20 =
BAXPL=102% :
NPT=NAXPL

c
uURITL(G,2)
URITE(6,1022)

RIAD(S,1621)TITLE
URITE(6,3921)TI7LE
MRITE(6,1523)
5320 READ(5,1001), 1P, IPLT
READ(S5,5995) (XORG(X),K=1,1P1), (VORG (K}, K=1,1'P1)
4321 READ(5,1,EMD=1234)0, 1001, 1SKIP, IRE:L, IRTAS, DELTA
1F(N.EQ.13790)GC 70 4320
URTE(5,1030)i, NP1, PELTA, IRE, IBLAS

1GKR=1
1275=1
QSAV=1.3n03
Q=QSAV
Hril=i-1
HHSEHL Y]
ip2={ie2
HPUPL=+N4]
HFIP2=N+Nie2
HN=1-1REN

[ GENERATING SCQUENCE X(K)
23 0o261=1,4P)
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6633

1001
19003
130%
1021
1022
1023

6545

OO0 O0000

v({1)=VORG(1)

X(1)=X0RG(1)

IF(IFLT.EQ.9)GO TO 6633

WRITE(G,10903)

CALL PLOTIT(DATA ,2,MP1,1,1P1,ISKIP,NAXPL,1,1.0)
CONTINUE

START IDENTIFICATION FROM 1UPLT OUTPUT DATA

CALL GRAMI{X,V,1P1,N,NELTA,Q, 1ZTS, GANPA, XLALDA,G, Z, AKX, IRE!)
CALL ERROR(\n.y,VOhn,GALnA 1°P1, 1, XLARDA, XOR4)

PLOT RICONSTRUCTION

URITE(G,50)

VRITE(G,100%)

IFQIPLY.LQ.9) GO TO 654%

CALL PLOTIT(DATA2,2,4P1,1,MP1,I1SKIP,ITAXPL,1,1.3)

CONTINRUE

WR{TE(G,2)
URITE(6,1922)
GG TO 4321
conriye

FORMAT(S!S,BFS.O)
FORDAT('1Y)

FORIAT(//,1X, 'TRUS RESPO'ISE VERSES RICONSTRUCTED RESPOISTE,//)
FORMAT(1:i3,50%, *STARTI'IG SINULATIQN®, /201, 'SYSTEL ORR™R = ' |5,
1/,20%,' + 1 = ',iS,III,ZOX,'SAnPLI1G INTERVAL = *,F10.6,//,27%,

2'IREN = ',15,/,20X%,'1E1AS = ',15,/)

FORIMAT(215)

FORMAT(//,5%, ' 1PUT (+) AND OLTPUT (=) OF THI PLANT',/)
FORUAT(//,5X,' OUTPUT (=) AND RZCONSTRUCTION (+) *,/)
FORMAT(SUAY)
FonnAT(/////II/II////III/l//IIlIi/lII/III/I/II////III/I/I/I///,/)

FQQ[,,‘T(/ 1%,° PSRRI NP AR ER T LR SR LA PR AR T LSRR R AT ER MO ER NS N
1 "vtt‘rﬁ’ttaQl*:!i!ttttitttttﬁﬁlci’t')

FORMAT(2F10.0)

sTop

DEFINITION OF PARAITERS USIP IR THE SINULATION OF A
LINEAR DYHNAMIC SYSTEM

X 1S THTE CORRUPTID OQUTPUT SCQUENCT
¥V IS THE CORRUPTIN 1MPUT SCQUENCT
GAMIIA 15 THE COLFFICIENT VECTOR

HAX = ACTUAL DINENSION SIZE OF 2-D1r ARRAYS 1 THE DITCiIS10T
STATINRINT

N = ORDER OF SYSTLI

THT HAXIMUIT VALUZ OF 81 1S MAX/2-1

HP1 = N¢1, THE TOTAL HUMGER OF SAIDLED POINTS 1M CACH Staurier

REO EXPECTATIONC ((R)+Q(X) )
DELTA 1S THC SANPLING INTERVAL
IGRE = 1 GRAM! 1S PCRFORMED

IPLT=3 NO PLOTS
1PLT=1 PLOTS ONLY 1Tl PRINTER =

IBIAS =0 HO BIAS 1S5 ASSUIED PRISTHT O INPUT-0UTPUT DATA
IBIAS =1 SHALL VALULS OF INPUT-OUTPUT 31AS ART ASSUMED PRESTHY
ON THE DATA.

END

ATk R

o
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SUBROUTINE GRAMI(X,Y,!1P1, N, HTLTA,DSAY, KOPT, GAIYA, XLANNA, G, Z, MAX,
11REN)
THIS SUSROUTINE PLRFORIS THF GRAMI TECHNIQUL

DESERS100 X(1),¥{1),GAK, 1), 240X, 1), GAMMA(L), XLANPA(1), 0(2D),
1DFL(23)

DIMTISION GAI(25)

DOUBLE PRECISICH GAn

DOUSLE PRECISION G,Z,GANItA, XLAMDA,DELTA,DCL, PROD,Q, Q547

REAL*S VARQ, VAR!, FAC

REAL#2 SCALE(22),SCAL

! JGKRD/IGKR

JRUIT R/

COMNON /BIAS/IB1AS

URITE(6,1993)
FORIAT(1H1,20X, "THE GRANt 1 TECInIIQUE"®)
JOPT = 0 IF DIRECT TRANSHMISSION 1S ASSumnCh
JOPT=0
iDLY=1RENM
EF(IRINLNEL0)JOPT=]

DEL 1S SHE "NUMERATOR OF THE KUOWN FIRST ORDER DIGITAL FILTERS
p0191=1,*
0EL(1)=1.0D002
Q1)=0sav
WRITE(,2020)
FORBAT(30X,'Q PARAMETERS®)
CALL PRVEC(Q,)
HPl=li+1
1IP2=1+2
HPUP1=ileNe]

HPUP2 =344 2
NR=!P2-1REN
RPIPIR=P1+ IREN

60 12 1=1,MAX

00 12 J=1,14X
Z(1,9)=0.0009
VARQ=3.0

VARU=0.8

po 309 I=1,HP1
VARU=VARU+V(1)eV(1)
VARQ=YVARQ+X(1)2X(1)
VARQ=DSQRT(VARQ/!:P1)
VARW=DSQART (VARW/:PY)

CALCULATING THE G MATRIX
IF(151AS.EQ.0)G0 TO 11
HPIP2=(i411024]

HR=iIP1-|RER+1
CONTINUE

DO131=1,4PiIP2
GAN(1)=0.0
GAIHA(1)=0.0D0d
D013J=1,HUPUP2
G(1,4)=0.0D00
GAM(1)=1.0
DO50K=1,4P1
IF(K-1iDLY)25,25,2%
GAIIA(:P2)=0,0D00
G0 T0 26

FAC=1.D
GAMIA(NPZ)=V(K-1DLY)/FAC
FAC=1.0
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B
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26

30

Lo
£9

735

736
1009
55
h2

3
v

99

741

43

120
122
123
130
301
1001

150

e eyt

GANHA(L) =X (K)/FAC
CONT I HIVE
DO501=1,N
GAM(1+1)=GANCI+1)+Q(1)+GAK(1 ) xDEL(T)
GAMMAC 1 +1) =GAMHA (1) *DEL (1) +GAMBA(1+1)=Q( 1)
GAMMACT4+UP2 ) =CAMMACI+HPLY*DEL(1 ) +QARBACI+HP2) 20( 1)

tFCIBIAS,EQ. 1) GAMHACIPNP2) =GAM(141)
D0 40 1=1,HPUP2

DO 40 J=I,NPUP2

G(1,d)=G1,dY+GAFNACT) *GAHIA(Y)
CONT I 1UT,
PRCFORM SCALING O G-DATRIX
DO 735 1=1,HEIP2
SCALL(1)=DSQRT(G(L,1))
DO 736 1=1,UPHP2
DO 736 J=1,ilntiP2
G{1,J)=6(1,d)/(SCALE()=*SCALE(I))
WRYFE£(6,1009)
FORIAT(10X, ---G MATRIX===')
DO 55 t=1,iPHP2
WRITE(G,3)(G(J,1),d=1,1)
FORMAT(1X,10013.,5)

CONTIHUS
D05 1=2,HPHP2
K=1-1
Dp060J=1,K
G(1,d)=G¢J,1)

1F(JOPT)70,90,70

DO30JY=1,HPNP2

D0801=1,HR

G(iP1+1,0)=G(UPIPIRHL,$)

CONTI%VE

HPNP2 =1PHP 2~ I REN

D0g5J=1,NPIIP2
SALE(HP14J)=SCALEPIPIR+Y)

1085 §=1,1R

G(J,HPL+1)=G(J, HPLPIR+1)

COUT HIVE

CONT 1 HYE

CALL GERDCT(G,Z,XLAHDA, N, HPHP2,NAX)
DE-SCALL SYNTHETIC COLFEICICHT VECTOR, XtLxHDA
DO 741 t=1,4PHP2

XLAMDA (1) =XLANDA(I)/SCALE(H)
tFOIBIAS,EQ.I)GO TO 43
NPNP2=1IPHP2-1

HR=iR~1

COHT N

XNEAN=ALANDACHPHRP2+1)
1F(JOPT)129,130,129
NPUP2=1PHP2+ | REN

pO1221=1,HR
XLAHDACUPHP2< 141 )=XLAMDA(HP24NR=1)
D01231=1, IREM
XLABDACNPL+1)=0,0D00

CONT IHUE

FAC=1.0

DO3011=RP2,HUPNIP2
XLAUDAC ) =XLAIDACL) *FAC
WRITL(6,1001)

FORMAT(10X, 'THE SYNTHETIC COEFFICIENT VECTOR, XLAMDA, IS')
CALL PRVEC(XLAMDA,NPNP2)

DO 150 t=1,MPUP2
GAMNA( 1) =XLAMDA(1)

GENERATING GAMMA FROM XLAMDA
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160
165

200

170

172
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CALL BUIL
DO16OL=1,10,
GAMMACT)=0,9D0Y
DO160J=1,HPIP2
GAMHACT Y =GANIACI)+GLT, ) #XLAMDA(Y)
CONT IHUL

D02001=2,1PHP2

GAMMA( 1) =GAMHACT) /GAIHIA(T)
GAMHA(1)=1,0000

IF(IDLY.LQ.0)50 TO 172
IDLY1=IDLY+1

DO 170 11=10LY1,HP1

1alPHP2+1=~11

GANA 1+ 1DLY) =GAMMA(L)

DO 172 t=1,IDLY
GAMMA(1+HP1)=0,0000

CONTIHUE

NEL, N, HAX)

CALCULATING THEL EQUIVALENT CCHTINHUOUS DESCRIPTION
CALL 1ZTOS(GALMA, N, DELTA, KOPT)
URITE(G,1003)
FURMAT(///,3%,100(11-),/,1X,100(1:1-))
RETURM
END

SUBROUT L GKRDCT(X, Y, XLAMDA, I, M, HAX)

REAL*S X(1AX,1),Y(MAX,1),A,8,C,D,5,DET,CCC(20,20), XLANPA(L)

INTEGER HLI(2,20)

connni /GRRD/IGKR

IGKR=0 USE IS MADE OF THT FIRST ROU OF ADJOINT
1 DIAGOMAL (IEGATIVE ENTRICS SCT TO ZERO)
2 ABSOLUTE VALUE OF DIAGONAL

D0 6 1=1,H

Do 6 J=1,H

Y(J,1)=X(J,1)

A=1,0D90

DO 43 i=1,H

8=0,0D0

L=t

M=1

FIND LARGEST ENTRY A(L,N) 1IN LOWER DIAGONAL SUBHATRIX

DO 13 J={,N

DO 13 K=t,H
1F(DABS(Y(K,J)),LC.B)GO TO 13
B=DA3S(Y(K,J))

L=K

REN

CONTINUE

IHTERCIHANGE ROMS

IF(L,EQ.1)G0 TO 24
Do 23 J=1,H

C=Y(L,d)
Y(L,J)=Y(1,d)
48
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23 Y(1,0)ecC =
¢ E
¢ IRTCRCUANGE COLUMNS K
¢ i
26 (FUILEQ.1)G0 YO 29 i
DO 28 J=1,H :
CxY(J, 1) £
Y, a¥(d, ) E
28 Y(J,1)=C i
¢ 4
[ BEGH SUCEP COLUIMIS TO TUL RIGHT is
c ARRAYS HUMCL, ) ,{UM(2,.) KEEP RECORD ¥
c OF ROM AND COLUMN IMTERCHANGES ;
29 NUN(1,1)eL £
HUK(2,1 )= §
B=Y(1,1) :

YO, 1)aA

N6 42 J=1,1
1F(J,CQL1)G0 TO 42
CrmY (1, )
Y(1,4)%0.000
H

%ﬁ%ﬁ%wm%ﬁ%mwf

PO 4] Kel N

DY, 1)+C

ExY(K,J)+5+D =
G tECDABSCL) (LT 1, 00=10+DABS(N)IC=0,000
41 YK, 9)RC7A B
42 coaTiIivg -
L3 An3 {Ié
c 5
< RCSTORE COLUMNS <
C (7

Do 58 t=2,H

Jutie 1=

KetiUtt(z,J)
TE(K.CQ,U)60 TO 52
DO %1 L=1,H
CeY(X,L)

T s
s R R

YK, L)Y (g,0)
51 Y¢J,L)=C
52 K=t 1,4)
c
c RESTORC ROWS 3
C E
1F(K,EQ. )60 TO 53 5]
DO 57 L=1,N %
C=Y(L,K) 3
YL, K)=Y (L, ) ]
57 Y{i,J)=C gz
58 CONTLRUE 2
DETeA 3
C aenerers SET IPRINT eenen k-
1PRINT=0 -
1IPRINTS] : 2
IFCUPRINT L NEL1)GO TO 111 H 3
WRITE(G, 101) $ 2
101 FORMAT(/1X,'DET OF GRAM MATRIX IS V) =4
CALL PRVCC(DET,1) i >
WRITE(G,102) i 3
102 FORMAT(/1X, TADJOLUT BATRIX 1S') : <
CALL PRUAT(Y,H,H,MAX) 3 3
D01001=1,H £ =
D0100J =1, i g X
€Ce(1,Jd)=0,0000 % g—*

DO100K«Y, N
100 CCOLN, ) =Ca0Lt,d)eX {1, RI* XK, M)
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WRITE(G,103) L2
103 FORDAT(/1X, 'PRODUCT OF ADJOINT AND GRAM MATRICLS') e
CALL PRUMAT(CCC,MH,H,20) Voo
111 CONTINUE =
D02001t=2,4 V3
1FCIGRR,EQ, 0)XLAI'DAC 1) =Y (1,1)/V(1,1) ‘g
IF(IGKR.LQ.0)GO TO 209 : fg
AsY(1, 1) e
IF(Y(D, 1), LT,0,)A=0,0000 P 2
IECIGRR, EQL2)A=DABS(Y(1, 1)) =
XLAHDAC 1) «DSQRT(A/Y(1,1)) 13
IFCY(1,1).LT. 3, 9)XLALDA( 1) == XLAMDA (1) |
200 CONTIMUE =
XLANDA(1)=1,0D0 '8
RETUR!! | 5
END | =
L]
Z
e
==
=
SUBROUTINT 1ZTOSLLANNA, N, DELIA, 12TS) Z
¢ =
¢ 1ZTOS SEPARATES THC NUICRATOR FROM THE DENOII'IATOR PARAMIITRS 2
c HHGANNA =
¢ <
DINCHSION GANEACL),X1¢10),%2(10) 15
DOULLE PRECISION GAMIUA,X1,X2,DELTA &
COMNON /NULER/HN i 2
HP1atied ;,%
200 0DO31=1,1M V2
X1{1)sGAnA(L) i §
7 X2(1) m=GAIEIA(NPI+ 1) 2
CALL 2T0S(X1,X2,4,BELTA,12TS) =
12TS= 127541
IF(12TS, Q. 4) GO TO 200
RETURN
£ND
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SUBROUTINC ZTOS(8,A,%,0ELTA, 121S)
COMION /HUBER/ N
N

COMVFRS1ON OF A DISCRETE TINE SYSTEM H(Z) TO A CONTINUOUS TIhL SYSTRNM nues)
H{ZY=(A(L)  A(2)#ZETA +,...0/(1 ¢+ BL2YZETA +...0)
2LTA = 172
HES)=(A(L) ¢ A(2)85 + svonaan A(l1+1) S /DENOM
DENOM=B(1) ¢ B(2)*5 ¢ (.00 ¢ B(il41)aSwell
B8(1) = 1 ALWAYS

OO OOSONOO0D

prucusIon R(ﬂ),A(ﬂ),TFTP(ZO),RQ(?J),RI(20),CR(?“),C\(?1),CA\(23),
ICAI(ZO),CB(?Q),CF(ZO),CTI(2G),CG(2U)
COlPLYN*16 CA,CAA,CAl,CS,CR,C011,COHZ,CONT,F\C,A},AZ,B],R2,A\1,BW1

1¢G,CF1,CF

. REAL®G l!,!\,TL‘nP,RR,R!,PELT,\
- couT=9,0009 =z
10RP=127S E
HPl=tel =
THIS D Z
A120,003 :
810,000 s
=

DO 321=1,101
1001 LECRIPL AL=ATHALL)
30 Bl=R1+6(1)

URITL (5,939}
533 FORMAY(lo), ‘it = ', 15) =
939 FORMAT(///} g
URITE(S, 999) b3
URITL(6,1900) E

A

1000 FORIAT(' Z-DOLAIN DEOMITHATORY)
CALL PaviCc(s,nrl)
WRITE(G,)001)

1001 FORMAT(Y Z-DOAIN NUBERATOR')
CALL PRVEG(A,NP1)
LEQI1ZT5.10,0) GO 70 31
IF(127%.70.1) 6O T0 230
11278, E0,.2) GO 10 250
LF(1715.60Q,3) 6O TO 20)
Ir(1275.7Q,4) GO T9 250

AL s s DA T SUIE

200 CONTIIUE

C

¢

c LOGARITINIIC TRANSFORIATION

c

¢ :
2 o WORK O HUNERATOR i3
T ¢ .
= c i}
A§§‘ IF(HN, €0, 0060 TO 469 5
it CALL POURT( S\, TENP,HILRR,RE, 1ER) 3

DO1Y M=t
15 CACLY=DERPLE(RR(), R0 ))
po 7 1=1,10
1 CACI)Ya{+1,0/DILIAY+CDLOGICALI)
T Q) G010u71
469 CONYILUL
DO 473 1=HUP1,HPL
CAA(1)-0.00D
L1l CA(L) =0, 0D
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235

240

2030

3000

OO0

603
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309
400

T
OO0

CONTINULE
TF(HNL.EQL0)CAA(L)=1,0D0

HNOW THE FIRST NN ENTRIES OF CA CONTAIH THE S-DOMAIN ZEROES OF HUMCRATOR
AHD THE RCAMIMING ENTRISS ARE ZERJED OUT,

FR(HNGNE,0)CALL POLCON(CA,CAA,D,10)

WORK 0! DENOMINATOR

CALL POLRT(B,TENP,N,RR,RY,ILR)
0015 tel,N
CRCI)=DCHPLXCRRCL), R (1))
CF(1)=1,0079/CR{1)
URITE(6,1092)

CALL PROVEC(CF, )
IF(1Z7S.5Q.9) GO TO 909

BOG 1=1,N

CRE1)=(~1,0/DELTA)«CDLOGICR{L))
WRITL(6,240)

FORUAT(Y (OGARITINUC TRAUSEORUATION®)
URITECG,939)

WRITL(G, 2900)

FORMAT(Y POLES 1 S dDOIAINY)

CALL PRCVEC(CR, M)

003000 e, H

CR{)==CR(1)

CALL POLCO'(CR,CH,0,N)

ADJUST DC GANL CONSTAN

A2=CAA(Y)

B2=CB(1)
FAC={A1/51) ¢ (82/A2)
DO 603 t=l1,:M1pl
CAA(1)=CAA{ 1) <FAC
GO TO 2019

RELAYFD PULSE INVARINIT TRANSFORLATION

SHIFTS LUNERATOR COCFFICILYTS FOR DELAY

0 CONT=ALY)

DO 300 t=1,H
A =ACI+1)~COHTB(1+1)
ACHPL)=D )
CALL POLRT(&,TENP,N,RR,RI, 1CR)
DOGLI=1,i!
CRELY=DCIPLX(RR(T), &1 (1))
61 CF(1)=1,0D33/CR(Y)

URITE(G, 1002)

1002 TORUATCIN, *THE POLES OF THE Z=DOIMAIN')
CALL PRCVIC(CF, 1)

PARTIAL FRACTION CXPAUSION

T et
Wy ’
f
e

L

MR A A

o
A

Sk

P

s
i

o o

il

X
r

T SR Ll B

il

e

TS

Stk

A e

RS




Vs

=

g

PRI

w

[

PROOOOOWEWN

=

241

225
1004

DI T NI C RV

1003

71

2010
4590

403
19905

10006

20
300

£l

i

e T

i

IR

B e B R T T e R e s o o s i

003t=1,H1

CON1=1,0n00

C0i2=9,0000

DOUS=1,H
CON2=COM2+CR(1)+A(N-J+1)
1F(1-4)5,4,5
COt1=CON1+(1,0D00-CR{1)+CF(J)})
COHTINUE

ca(l)=conz/coll

TRANSFORHMATION OF DLHOMINATOR AHD NUNZRATOR

Do21=1,!

CR(1)=CDIOG(CR(1))/DELTA
CAC1)=CA(1)+CR(1)/(2,0000-CF(1))
CONTINUE

CA(itP1)=0,0D00

URITE(6,2U1)

FORMAT(' DILAYED PULSE TRANSFORMATION')
WRITE(G,999)

URITE(G,190%)

FORUAT(® NEGATIVL OF THE POLES 1N THE S=DOHALN')
CALL PRCVEC(CR,N)

WRITE(G6,1903)

TORBAT(1X, "NUIERATOR CONSTANTS OF FACTIORIZED H(S)')
CALL PRCVEC(CA,:D)

CALL POLCOI(CR,CB,0,N)

DO711=1,0P1

CAA(1)=0.0000

D09K=1,Hl

CALL pOLCON(CR,CF1,K,N)

NogJ=1,1

CAA(J)=CAA(J)+CF1(J) +CA(K)
CAAGIPL)=1,0DJ0

CouTINuC

DO 459 1=1,HPL
CAA(1)=CAA(1+CONT=CB(1)

URITE(G,1005)

FORBAT(' S=DONAII DEHOHINATOR')
CALL PRCVEC(CS,uP1)
WRITL(6,1006)

FORIAT(' S-DOI'ALI! NUNERATOR')
CALL PRCVEC(CAA,NPL)
p0O201=1,1P1

B(1)=CB(1)

AC1)=CAACY)

RCTURNH

END
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SUBROUTIUE POLRT{XCOF,COF,!, ROOTR,RODTI, 1°R)
COMPUTES THE REAL AND COMPLEX ROOTS OF A REAL POLYNONIAL

DLSCRIPTION OF PARANETERS
XCOF ~VECTOR OF 1) COFFRICICHTS OF THE POLYHMO!MIAL
RPERUD FRON SIUALLEST 10 LARGEST POUTR
COF =UORKING VECTOR OF LIIGTH hed
4 -0RDYR OF POLYIONIAL
ROOTR-ACSULTANT YECTOR OF LEHGTH t CONTAIMIIG REAL ROOTS
OF T:E POLYIIONIAL
ROOT!I-NOSULTANT VECTOR OF LENGTH 11 CONTALIMNG THT
CORRESPOUDING AGLNARY RODOIS OF THT POLY'IOIIAL
1ER  -CRROX CODL UHERE
tER=0 HNO ERROR
ICR=1 11 LESS TIAN O
1ER=2 M GRIATLR THAN 30
TER~2  WIABLE TO BTITEANIND ROOT WITH 500 1NTERATIONS
Ot 5 STARTING VALUES
I1CR=4 HIGH ORDPIR COEFFICICHT 1S ZTRO

HOOOOONMOOO0O0O0OO0O0O0000

RISESI0H XCOF(1),C08(1),ROOTR(1),ROOTI(Y)
DOULLS FRECISION XO0,Y0,X,Y,XPR,YPR,UX,UY,V,Y1,XT,U,XT2,VT2,501S0,
1 DX, EY,TCHP, ALPHA, XCOF,COF, ROOTR,ROOT I, ERY,ER2, XSS, X5, YSS, YS, TOL

LIITED TO 36TH ORDER POLYHNOMIAL OR LESS,
FLOATING POIHT OVERFLOU MAY OCTUR FOR HIGH ORDRIR
POLYHOLIIALS BUT WILL NOT AFFECT THE ACCURACY OF THE RSSULTS,

METHOD
HOUTON-RAPIHSOT ITERATIVE TCCHIIQUE, THR FINAL ITORATIONS
Ot EACH ROOT ARL PERFORBED USIHG THE ORIGIIAL POLYUNNIAL
RATHIR THAN THE RIDUCTD POLYNOMIAL TO AVOIT ACCUNULATTD
ERRORS 1! THE RIDUCED POLYUOLNIAL,

OOOCOCOOO0O0

ER2=),0D+50

T0L=1.0D=38

1F1T=0

ti=i

1ER=D

FF(XCOF (i1+1))10,25,10
10 1F(H) 15,15,32

SET ERROR CODE 10 1

[y NeNel

15 1CR=1

20 1F(1ER)200,201,200
299 WRITE(5,203)1LR
203 FORIAT(1X,"ERROR CALLED FROM POLRT, IER = ',13)
201 RETURN

c SET CRROR CODE TO &

25 I1CR=4
G0 TO 20

SET ERROR CODE TO 2

OO0

30 1ER-2 :
GO TO 20 ‘

: 32 IF(N-36) 35,35,30

= 35 IXsN

z - HXX=He1

21

KJ1 » Nel

DO 40 L=1,KJ1

b ———————— 0




DR ———————— e eerorivrtst A et i )
EX Nt e N S i e

MT=gdl=-t+]
40 COF(1T)=XCOF (L)

SET INITIAL VALULS

OO0

45 X0=.00500101
Y0=0,01000101

ZERO INITIAL VALUE COUNTER

OO0

tN=0
50 X=X0

PICRENCNT IMITIAL VALUES AND COUNTER

QOO0

X0=-10,0+Y0
YO=-10,0+X

ket

:
i
H
H
:
i
h

3

Rl

SLT X AUD Y TO CURRENT VALUC

e

(s XeX<)

£=X0
Y=Y0
IN=1li+1
GO TO 58
55 IF17=1
XPR=X
YPReY

RS b o

o —

CVALUATE POLYHOMIAL AND DCRIVATIVES

OO0

59 1CT=0
60 UX=0.0
uy=0,0
vV =0,0
YT=0.0
XT=1.0
U=COF (1+¢1)
1F(U) 65,130,065
- G5 DO 70 1=1,H
E L o=ii=1+1
: TEMP=COF (L)

th

i

g XT2=XeXT-YeVT
E YT2=XeYT+YeXT
& U=U+ TEHP*XT2
£ VEV+TENPSYT2
g Fl=)
E UX=UX+F | «XTATERP
UY=UY-F I +YTeTCNP
XT=XT2
70 YT=YT2
SUNSQ=UX+UX+UY*UY
1E(SUMSQ) 75,110,75
75 DX=(VeUY-UsUX)/SUISQ
X=X+DX
DY==(UsUY+V+UX)/SUNSQ
YayeDY
X$SaX
YSSaY
1F(YSS.EQ.0.0N0)YSS=1,0D9
IF(XSS.EQ.0,0N0)XSS=1,0D0
ER1=DABS (DX/XSS)+DABS (DY/YSS)
1F(CR1.GT.ER2)GO TO 73
CR2=ER1
XS=XS$S
YS=YSS
78 IF(CR1-TOL)100,30,89

s FA T e ST
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STEP ITERATION COUNTER

1CT=1CT+1
tE(1CT-503) 60,85,85
IF(IFIT)190,90,109
IF(11-5) 50,95,95

SET ERROR CODLE TO 3

{ER=3

Xe XS

Y=aYS

ER1=FR2

DO 195 L=1,MXX

MT=ild)-Le]

TLHP=XCCF (NT)

XCOr (17)=CoF (L)
COF(L)=YENP

1T =

N=HX

NX=1TENP

IFCIF1T) 129,55,129
trCIFIT) 115,50,115

X=XPR

Y=YPR

1EIT=9
IF(DNARS(Y)-1.0D-3DARS(X))135,125,125
:\LP”:\:‘.\:’ X

SUISGa X+ YeY

jteil-2

GO TG 149

X390

HX=I-1

HXR=1XX-2

Y=0.0

SUi*SN=G L0

ALPAX

RERES|
COF(2)=COR(2)+ALDIUNCOF (1)
D0 1%3 L=2,%
COR(L+1)=COF(L+1)+ALPHACCOR (1) ~-SUNSNCOT(L-1)
ROOTL(:2) =Y

ROOIN(IN)Y=X

FECLRY.OT TOLURITE(G, 55612, K1
FORDIAT(YIX, "CRROR o *,13,°TH ROOT 1S ',019,.3)
ER2:1,30¢ 50

2=12e]

LE{SUISQ) 163,165,169
Y=-Y

SUISQ=0.0

GO 70 155

VFQL) 20,20,4%5

Eup

MR 4 b
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15

17
15

L] £ 2

111

115
114

SUBROUTIUE PLOTIT(X,HF, NPT, 11,12,13,000XX,1SC,SCALE)Y
DINCHSTON XCNAXN,NE), PPLL9T7), 1P(97),1GH(9), 1S(D), X'X(9), Xiv1(9), B (9)
1)

REAL®3 XP'AX, XN

GATA 1CH/ Xtte, 14« AH3, 210G, 1US, 116, 117, 1HE, 10497
DATA THT, $H, THG, NILZ 1L, 10 10D, 10/

002911 =1,97

tPCr) =i
N02001t=1,8
Jul2el+]

IP(d) =t

1P(1) =ttt
I1F(NF-3)15,15,17
HPpany

GO TO 19

=3

No111d=1,F
ANeX(1,0)
XBAX=X(1,3)
DOY1te2,RPT
IFONBAN-X(T,4)33,2,2
IRONIIH=NET, 0008,1,4
XtuaX{t,9)
GG 10 1
NMiAX=X(1,9)
ot H g U
XUA(d) =N AX
XSy =xit
WFFulF
1R(ISC,. ]
XUAX=XDBN (1)
XtitieXnndl)
B0117J=2,%F
TROXEAX LT XEX{S ) INPAXXNX(Y)
TEOXILRL AT XIvHI) )X =Xt ()
COMTLIIUT

DI113J=1,4F

XEX(3) =XEAYX

Xta{g)eXne

RINEDY

FRESCALE (PQ2,3,2)60 TO 114
DO115J=], 07T

JORNFLET IGO0 TO 116

XX=0, 5¢ (XEX(I)«(1+SCALL Y XIR(I) » (3 -5CALEY)
(J)«(1,2e5CUTY)

XTI =0, 2 (XN (I) ¢ {1, 0-SCALE) + X1
XX (J) =X\
PO1113da),urrF
XHAX=XIN (D)

PRI BTN
XX=aDARS(X1ANY

XN=DABS (i)
TREXXLLTO XG0 TO S25
HA\=]

XSAv=XX

GO TO 507

1AX=0

ASAV=XH

TR (EIX- X011, 00-64X8AV)S,S,60
NPAXEXANXX41, 0009
XHIRaXNH-XN=1,9039
XX=DARS(X1AX)
Xil=DARS(RI)
TECXX. LT X%0 TO 513
MAX=1

XSAV=XX

GO 10 6

HAX=0

......‘.*.4,.,, ‘
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505

504

1112
1113

120
118

100
112
106

113

600

6621
6331

662

633

XSAV=XH

XH=ALCGIO(XSAV)

Ju=xi

XX=JdJ

Jd=dd-1
lF(XN—XX.HE.0.0.AND.XSAV.LT.I.O)JJ“JJ-I
TEN=10,0~¢3J
KeXSAV/(TEN«C.0)
1F(1AX . ER.1)60 10 503
|F(XH'N.LT.0.9)K--(K01)
XX=2XUAX, YEil

I HEI 3

Xh=ptan

Xil=XN+3,0

TFIXN. LT XX)GO TO 595
KhAX=X!

TE(ENAN < KI LI LT Q) KEAX==RITIN
GO 10 1112
TF(XBANGTL 0, 0)K==(Ke1)
XX=XIIH/TEN

KItAX=-Ks§

XH=aKAX

Xt=Xl-3.0

IF(XN.GT.XX)GO 'TO 504
KHiH=XR

LECRMAX R LT 0 KN i=~KHAX
XX () =REAXeTEN
YN ) =R e TER
IF(lSC.ﬂE.l.OR.NF.EQ.l)GO 70 118
N01204=2,1F

XEX(9) =X (1)

Xrn(Jd)=xni(1)

F(1)=xuild

X t= (XHK (D )-XM(9))/8.0DID
poz71=1,%

FOIe1)=F 1) eXU
TECELL)+F(5) LT, 0.9)F(5)=2.0
URITE(G,100)4,F

FORPAT(5X, 'TUNCTION? , 12,7X,9012.4)
URITC(6,138)1CH(I),1P,1P
FORMAT(5X, ' SYIILOL ',1X,A1,18X.97A1,I,33X,97A1)
D0s1=1,97

1PL{)=1P(Y)

DO1131=1,NF

F(1)=96.90307 (XMX(1)-Xt(1))
DOG0d1=1,HF

1s(1)=1

1F(UP.EQ.2)ASSIGN 1001 TO HPPP
1F(NP.CQ.2)ASSIGH 1902 TO hpP?
1E(HP.CQ.3)ASSIGN 1903 TO HPPP
DpOgJ=11,12,15

KNAX=1

Kii=97

Dp010i=1,MF

KaF (1) e (X (I, 1)-XNN(1))+1,5
1s1=1s8(1)

17 (K)662,662,6621
1F{97-K)6331,633,633

K=97

tccealliG

GO TO Gu&

K=l

1cce=lit

GO TO Oub

1cce=1CH(t)
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644
6011
602

601
604

603
10

1001
102

1002
103

10933
ing
18
19

105

19

21
25

22

23
20

1F(1S1-K)6911,€01,601
DO602L=1S1,K

1PL(L)=1CCC
TF(KMINLGTLISHRIN=1S1
TFCRBAXLLT JK) KMAX =K

GO TO 603

DOGILL=K, 1S

teL(L)=tcece
ITF(KHIL GT K RitiE=K
TE(RMAX. LT ISH)KHAX=15!
15(1)=K

CONT INUE

GO TO upPP,(1061,1332,1003)
VRITE(G,102)9,X(4,2),1PL
FORMAT(1X,14,612.%,16X,97A1)
GO TO 15
WRITE(S,103)4,X(4,1),4(9,2),1PL
FORMAT(1X,14,2E12.5,4X,97A1)
GO0 TO 13
WRITE(6,104)4,X(J,1),%(9,2},X(4,3),1PL
FORMAT(2X,14,3E9,3,1X,97A1)
DO191=Kt: 1 H, KIIAX

1PL(1)=1P(Y)

CONTIiUE

WRITE(G,105)

FORMAT(1H1)

RETURN

HiY

SUBROUTINE RESPON(X,V, 1, GANNA, XLANDA,1'P1)
DIMEUSION X(1),V(1),GAMIA(L), XLAIDALL)
REAL#C XSAV,GAMIA, XLANMDS

finl=H-1

NnPl1=li+1

NHPIIP1={leli+1

NPHP2=ii++2

DO 19 1=1,1PilPY

XLAIDA(1)=0,0D30

XSAV=3,0039

N0 20 K=1,11P1

IF(L.EQ.L1)G0 TO 25

po 21 1=1,iM1

J=lPl1-1

XLAMDA(J) =XLALDA(J=-1)

CONTINUE

00 22 1=1,!

J=11PNP2-1

XLAMDA () =XLIDA(J-1)

XLAMDA(1)=XSAV

XLAIDA(NIIPT)=V(K)

XSAV=0.0009

0o 23 1=1,UPlIP1
XSAV=XSAV-GALLA{1+1)«XLAMDA(L)
1F(DABS(XSAV).GE,.1,0D10)XSAV=0,0N00
X(K)=XSav

RETURN

END
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SUBROUTINE ERROR(XREC,V,GANA,1P], !, XLANDA, XORG)
DIMENS10N XREC(1), V(l) (Ona(l)
DINENSION VVV(ZO)
REAL*3 GAIUIA(1), XLANDA(1), AYGil, SUNY2,AVGQ
CALL RESPOI(XREC,Y,H, GAtA, XLAMDA,H4P1)
AVGH=93,0030
surv2=0,0r0
DO261=1,1'F)
SulvZ= Sb"VZ*XO?G(l)'XORG(I)
AVGQ=XORG(1)-XRIZC{1)
26 AVGH=AVGU+AVGEQ=AVSY
AVGLU=A u‘..'ISU w2
AVGQ=DSQRT (AVG:I)
A 'G=100.0+AVG2
AVGU=102, 3*AVGU
HRITZ(6,27)AVGH, AVGR
27 F RﬁnT(lX,‘”'P CZUT NLAN POUCR ERRON OF RECONSTRUCT 10, F3, 3, /I/
11X, 'PER CLNUT GF SQUART ROOT OF POUSR ERROR 17 RECOSTRUCTION®, 3)
RETURN
2]

SUBROUTINE RUGILDA(A,Q, DL, 7, 1AX)
REAL«3 A('AX,1),2(1),0n7L{1),PROD
v,ﬁl ""1
HPNP2=1l41e2
A1,PY1)=1,0000
PROND=1,2D0)
003123=1,:!
f=1P1-K
PROD=PROS/DEL(Y)
AL1,1)=F00D
312 A(R+1,4P)=2,.0003
no53i31=2,:pP1
DO313K=1,
J=IP1-X
315 AlL,d)= (u(l LI+ oA (11,0410 )/D2LLS)
DO)]QI’I, o3
D0314%4=1,0001
A{1,J043iP1)=0.0P39
R(!*lrl,d)-u.lnﬁj
314 ACT+NDPY , o+l121)=A(1,))
URITE(5,1835)
1035 FOQ'\T(]\, A=LATRIXY)
CALL PRUAT(N,UPRP2,5UPIHP2,1°3K)
RETURN

uo

Su I‘OUTI 1T PRIATIR, U, 1, MNX)
DoUL nil ISIO« A

c THIS SUGRCUTINE JUTPUTS DOUSLE PRECISION DOUSLE DIENSIONTDR ARRAY
DIGERSION AGinax, )
WRITE(G, 1)
DO21=1,%

.thr(o 3)(A(1,3),9=1,%Y)
FORIAT(1IX, 10-1).;)

thT..\u,l)

HWRITL(G,1))

1 FORHAT(I)

RETURI!

gD

wN
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SUBROUTINE PRCVEC(A, )

THIS SUBROUTINE PRINTS OUT A COMPLEX SINGLE DINEMSIONEN ARRAY

A COMPLEX HUNMBER OF THE FORM A ¢ B J 15 QUTPUTTED 1Y THL FORH
(A, 00 WICRE J = SQUARE RGOT OF +1

DIMEHSION A(1)

COMPLEX*16 A

WRITE(6,2)

HRITECG, 15 C(ACL), 1=1,0)

FORMAT(1X 1M(,017.10,1H,,017,10,3l §))

MRITE(G,2)

MRITE(G,2)

FORMAT(/)

RETURYU

END

SUBROUTINE PRVEC(A,N)

TS SUBROUTINE OUTPUTS DOUBLE PRECISION SIHGLT DINENSINHTD ARRAY
pinEdstol A1)

DOUBLE PRECISION A
URITE(G,31)
WRITE(G,1) (AC1), 1=1,H)
FORNAT(1X,10013.5)
WRITE(G,31)
WRITE(6,31)

EGRUAT (/)

RETURN

END

SUBROUTINE POLCON(C,R2,K,i
A POLYIHOMIAL CONSTRUCTION PROGRAM NEEDED FOR ZT0S

pINENSton ¢(1),n2(1)
COMPLEX*)G C,R2,C0MP
REAL®S DC(Z)

EQUIVALENCE (Coitp,DC)
HPlal+l

D010 =2,

R2(1)=0,0000

R2(1)=1,0090

Dot el N

colp=C(1)
TFOLEQURVORL(DC(L) . EQ, 0,000, AND,NC(2).5Q.0,9D0))GO TO
D02JJ=1,1

dai= iJel
1L2{Ue) =R2( 3+ 1) «C(1)4R2(Y)
R2(1)=R2(1)*C(1)

CONTIHUT

RETURN

END
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: - HPMINV PRCGRAM
- LISTING
e
=
=
= ¢ PROGRAN HALLL: HPIRY
c DOUBLE PRECISION LATRUX INVERSION PACKAGE
3 c
& DOUBLE PRECCISION AA,A,P,Q,%,C,D\,G
= DOULLE PRECISION THRES,PDIF,ONIF, TN
3 DOULLE PRECISICH FAC,TRAC,FFAC,TRROR
= DHIEUSION AA(20,20),A020,20),0(2),20),Q(20,29),8(29,29),
B 1C(20,29),0A(20,29),G(29,20)
£ COMION /SOL/FRAC
2 COMNON PR/ IPRINT
g COI'MON /PROD/PDIF,GDLT
£ c
3 HAX=20 :
£ THRES=15,0000 2
S WRITE(G,100) 2
READ(5,240)1, 1 SP, 1SQ, L PERT, 1SLID, 101D, 1GORCT, I PRYIT =
WRITE(G, 140011, 1SP, 1SO, | PERT, ISL1D, 1 COHD, 1CORCT E
FRAC=1,0003 E
1F(IPLRT,GT. U AND, 1SLID,EQ,1)FRAG=),0D-04 Z
WRITE(G,100) E
DO 200 1=1,Ml z
READ(5,250)CAA(T,9),d=1,1D) =
TEM=1,0D-03¢AA(1, 1) |3
LECICOUD  EQL 1)AA (L, 1)=AACT, 1)+TEN i
200  COHTINUE 'y
CALL BEQUATCH,IAX,AALA) >
TF(IPRINT. Q. 1IURITR(G,350) 2
VECEIPRINTL S0, 1)CALL PRIAT G, HAX,A) E
c SCALING METHOD K
PDIF=0, 0000 S
QD1F=0,0N00 2
c ROY SCAL NG Z
VECISP,NE,1)GO TO 10 5
1S=1 :
CALL HSCALE (!, NAX, THRES,1S,PDIF,A,P) 2
TFCIPRINT,2QO1URITR(G,127) E
IFCIPRENT,TQL1)CALL PREAT(,HAX,A) g
IFCIPRINT,EQL1URITE(G,101) E
IFCIPRINT EQ. 1) CALL PREAT (L, HAX, P) =
CALL DINV(H,DAX, ) £
IFCIPRINTLDOOLURITE(S, 102) T s
TECIPRINT . EQ.1)CALL PRMAT(H,HAX,P) FRE
10 COMTINUE ¥
c COLUIN SCALING SEE
1F(1SQ.NC.1)60 TO 20 -
1S=0 %;z {3
CALL MSCALT (!, MAX, THRES,1S,Q01F,A, Q) T
TF{IPRINT,EQ, 1IURITECG,103) g
1FCQIPRINT,LEQ, 1) CALL PRUAT(H,HAX,Q) v
CALL DUV(n,NAX,Q) % 3
TFCIPRINT, QL URITE(G, 204) 5
; r
63 3 %
P §
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SO0

82

83

OOOOO00

2291

300

89
7

778
779

IFCIPRINT, EQ.1)CALL PRHAT(H,NMAX, Q)
CONT INUE

END OF SCALING
TFCEPRINT (EQ, LURITE(G,)95)
IFCIPRINT (N 1ICALL PRMAT(H, MAX,A)
CALL MEQUAT(I,MAX,A,C)
IFOIPERT.£Q.0)GO TO 92

PERTURE HATREIX A, C=A+(FAC)«(DIAG A)=A+FAC*(DA)

FAC=1,0D-04

00 30 1iC=1,1

FAC=EAC#1,9D-02

URITE(G,100)

MRITL(G,500)FAC

PO 35 1=1,H

DO 35 J=1,u

DACL,J)=0,LD00

B(1,d)=A(1,0)

IF(IPERT GT,H1)GO TO 82
1FCENE,ITPCRTIGO 7O 83

courie
FRCHLEQUI) BT, 0 =A(1, J)+FACAC, ,0)
FEQL,DQU)DPACE, JY =AY, d)

conTikue

c(t,Jd)=08(1,4)

COUTIHUE

FFOIPRINT (EQ,1) VRITE(G,130)
FECIPRINT (£Q,1)CALL PRUAT(M,1AX,C)
TFCIPERT,GT HLAND ISLIDRQ,2)GO TO 90
tFOIPERT  LELH)GO TO 99

HOM 'C' 15 THE PECRTURBED MATRIX
13V A= RV C+ FAC+(IHV CI2 (DAY« (1Y CI+(FAC)##2+(( 111V C)»
(DAY ) ##24 (IRY C)e, ..
HAPPRX=1 FIRST 2 TERNS OF THE SERICS FOR NIV A ARL USED
©2  FIRST 3 TERNS OF THE SERIELS FOR MV A ARE USED

NAPPRX=2

CALL DPERT2(!1,1AX,HAPPRX,FAC,C,DA, B)
URITE(G,141)

CALL PRMAT(N,HAX,B)

GO TO 2295

APPLICATION OF PERTURBATIC.! METHOD OVER-==~=vescrmccccccacancaccncna=

CONT IIVE
CALL GKRPCY (G, UAX,C,5,DA)
IF(PDIF-ODIF)666,656,667

CALL CORCTI(C,B,!,1AX,5,1)

GO TO G668 )

CALL CORCT2(C,B,H,MAX,5,1)

CONTLNUE

IF(IPERT . [Q,0)GO TO 2295

IF(IPERT CTL HLAND,ISLID, Q. 1)G0 TO 2291
CALL DPLRTI(A,B,i,11AX,FAC, IPERT)
COHTINUE

IF(IPCRT, LELN)GO TO 2295
FFAC=FAC*1,00=0Y4

0O 91 K=1,11

WRITE(6,300)K

FORMAT(//,10X, 'VALUE OF K =',12,/)

DO 89 1=1,H

DO 89 J=1,ll

G{1,d)=C(1,4)=-FRAC*DA(!,d)
IE(PDIF-QDPIF)YT777,277,713

CALL CORCT1(G,B,N,NAX,5,0)

GO TO 779

CALL CORCT2(G,B,H,MAX,5,0)

CONTIHUE

IF(K.LE,4)FFAC=FFAC*10,0000
IF(K,GT i ANDK,LE,7 )YFFAC=FFAC#*1,773279D00
LF(K.GL,8)FFACAFFAC*1,154752D0
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CONT 1HUY

conTIiuL
PFECIPERTLCQL0,AND, 1CORCT, CQ,0)GO TO 733
VRITE(G,580)

FORUAT(SX, 'FINAL BID FOR HPROVINENT')
FRAC=1.,000

W Tai

IF(PDIF-QDIF) 751,731,782

CALL CORCTI(A,B,H,MAX,NIT,D)

GO T0 783

CALL CORCT2(A,8,H, 10X, N1T,0)

conTihg

WRITE(6,109)

CALL PREAT(H,MAX, )

THVERSE AA = (IRVERSE QI«(INVERSE A)s (1IVERSE P)

CALL BEQUAT(N,MAX,,C)
IFCISPLEQ,0.A14D. 150, £0,0)6G0 TO 92

CALL NEQUATC,PAX, B, h\)

IFCESQ.EQL ) CALL B T, 0,0, 100X, FAC,9,Q,8,DA)
TFQIOP LU, LITALL BECUAT L BAX, DA, C)
IFQISPLEQ.L)CALL DHULT LI L BAK,FAC,0,0A,P,C)
CONTIUE

FFOIPRINT EQ, DURITE(S,107)
ITOIPRINTOEQLLICALL PREAT (I, AN, C)
IF(PMIT=-QBIF)I3,93,54%

couTIve

CALL DMULT(U,L, 0,008, FAC,0,0,8,6)

FRCISP. Q)60 TC 96

CALL DHULT(H, N, 1,1AX, FAC,0,6,P,B)

CALL DLV, BAX,P)

CALL DHOLTCH,H, M, 1AX,FAC,0,P,B, ()

GO TO 98

couTinug

CALL DHULT(H, 1,1, NAX, FAC,0,8,A,G)
IF(1SQ.5Q.0)G0 TC 935

CALL DMULTCH,H,H,00%,FAC,D,Q,G,8)

CALL DIRVQR, AKX, 0)

CALL DIWLT(iL,H,:,1A%, FAC,0,8,Q,G6)

CONTINUE

IECIPRINTLEQLL)URITE(D,103)
IFCIPRINTLEQL1)CALL PRUEAT(LLIIAX,G)

CALL MERROR(CH, AN, G, CRROR)

WRITE(6,249)

IFCIPERTEQ.0)STOP

COUTIIVL

FORNATC//717111111111111111)

FORMATC(SA, 'DIAGOHAL SCALE MATRIX, PY)
FORMAT(SX, " HHVERSE P BAIRIX?)

FORVATCESN, *DIAGOMAL SCALEL MATRIX, Q)
FORBAT(SX, YINVERSE Q MATRIX')
FORMAT (65X, 'MATRIX AY)

FORMAT(SX, *tHVERSE A BATRIX')
FORMAT(S5X, " LUVERSE OF ORIGINAL MATRIX, AAY)
F?RHAT(SX,'PRODUCT OF OR!GIMAL HATRIX, AA, AND ITS CONPUTED HIVERS
")

FORMAT(/,10X, ' INPROVED INYERSE MATRIX')
FORHAT(HX, '(ROW) SCALED HATRIY A')

TORMAT(5X, 'CaA+ [PS«D DPATRIXY)
FORMAT(SX, " TUV(A) = IHV(C) ¢ EPSe( ) ¢ CPSee2 «( )")
FORMAT (10X, *MATRIX DINENSION =, 12,/7,10X, 18P =',12,/,10%,'1S8Q =*
1,12,/,10%, YIPERT =»*,12,/,10%, ' 1SLID =%,12,/,10%, ' 1coHD =*,12,
2/.,10X, " 1CORCT =%,12,//)

FORMAT(912)
FOR”,\T(SX"0tttl‘ﬁtQtttf"t.‘t'ttt't..'it‘.t‘tﬁt.‘tﬁtiQi'il"ﬂi(t'
lttt'tttﬁitﬁﬁttt".tﬁldl'ttit'tttt"t't..'tt")
FORMAT(3D25,13)

FORMAT(///17,5%, 'ORIGINAL BATRIX, AAY)
FORNATC//,5X,'FAC=',D20,11,/)

sToP

END
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SUBROUTIHE GERDCT(M,MAX,X,Y,CCC)
REALe3 X(MAX,1),Y(!AX,1),A,8,C,D,E,DET,CCC(MAX,1)
INTEGER HUM(2,20)

COtiion /PR/1PRINT

COMMON /PROD/PDIF,QDIF

DO G t=1,n

D0 6 J=1,1

Y(J, 1)2X(J,1)

A=1,0D0

DO 43 1=1,N

8=0.000

L=t

=l

FIND LARGEST ENTRY A(L,M) 11t LOUER DIAGOHAL SUBMATRIX

DO 18 J=1,N

00 13 Kal, N
1E(DABS(Y(K,d)).LE,B)GO TO 18
B=DABS{Y(K,d))

L=K

M=J

CONT 11UE

THTERCHANGE ROUS

IF(L.EQ.1)GO TO 24
DO 23 J=1,H
C=Y(L,d)
Y(L,J0)=Y(1,d)
Y{t,4)=C

THTERCHARGE COLUMUS

IR, EQ. IGO0 TO 29
ho 25 J=1,il
C=Y{J,M)
Y{J,t1)=Y(J4,1)
Y(J4,1)=C

BEGIN SUELP COLULMS TO THE RIGHT
ARRAYS fUI(1,,) ,1ui(2,,) KCEP RECORD
OF ROW AND COLUMN INTERCHANGES

NuM(1, 1)=L
Huis(2,1)=4
8=Y(1,1)

Y{i,1)=A

DO 42 J=1,H
1F(J.£Q.1)GO TO 42
Ca=Y(1,J)
Y(1,4)=0,0D0

DO 41 K=1,U
D=Y({k,1)+C
EuY(K,J) 0D
IF(BARS(8) LT, 1.0D-10«DABS{D))L=0,0D0

) B p—
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42
43
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N =

57

58

101

111
102

oo OO0

66

67
100
c

103

Y{(K,J)aE/A
CONTINUE
A=D

RESTORE COLUMNS

D0 58 1=2,U
J=iiel-]

K=iluM(2,4d)
I1F(K.EQ.J)G0 TO 52
Do 51 L=1,N
C=Y(K,L}
Y(K,L)=Y(J,1)
Y({J,L)=C
K=Huni(1,d)

RESTORE ROUS

1F(K,EQ.JIGO TO S8

00 57 t(=1,H

c=Y(L,K)

Y(L,R)=Y(L,J)

Y(L,d)=C

CONTIHUE

DET=A

WRITE(6,101)DET

FORMAT(/1X,'DET OF ORIG MATRIX IS *,D24,17)
DET=1,0D000/0CT

DO 111 1=1,N

DO 111 J=1,N

YOI, ) =Y (1, J)«DET

VRITE(G6,102)
FORIAT(/1X, ' 1IIVFRSE BATRIX IS %)

CALL PRMAT(N,IAX,Y)

n01001=1,
po100d=1,H

CCC(1,d)=0,0000

D0100K=1,3H
IF(PDIF-QDIF)G5,66,67
€CC(1,d)=CCCE,d)+X (1, K)*Y(K,9)
GO TO 100
CCC(1,0)=CCCH1, )4V (1, K) X (K, d)
CONT UL,

WRITE(6,103)

TECIPRINT,LCQ,1)CALL PRUAT(M,NAX,CCC)

CALL IIRROR(N,HAX,CCC,ER)

FORUAT(/1X, 'PRODUCT OF I{YERSE AND ORIG MATRICES *)
RETURN

END




SUBROUTINE CORCTI(X,Y, N, HAXX HITER,1PR)
DIMENSION X{:AXX,1), Y(MAXX,1),F(20,20),0(20,20),2(29,20)
COMMON /SOL/FRACI

DOULLE PRECISION X,Y,F,L,2

DOUBLE PRECISION FRAC,LR1,ER2,ER
DOUBLE PRECISIOI FRACI,TRSAY
WRITE(G,317)FRACH

DO 290 ITER=1,iHITER

ER2:1,.GD10

ER=ER2

FRAC=FRACI

ER1=20.0D00

CALCULATE ERROR MATRIX,Fe=XeY-|

D0 210 [=1,H

D0 210 J=1,U

F(1,3)=0,0000

NO 200 K=1,N
FOV,0)=FC1,0)+X01,K)2Y(K, )
tF(LLEQ.OXF(L,0)=F(1,4)~1.0D02
ERL1=ER1I+F (1, «F(1,d)

couTInuL

ER1=DPSORT(SR1/ (I1ell))
WRITE(G,520)ER]
FORUAT(//,10X,'ORIGINAL RNSE = *',D15,8,/)
TECIPRLEQDIURITE(S,300)

IF(IPR,LQ.1)CALL PRUAT(N,12,F)

CALCULATE INPROVED INVERSE, Y(ItIPROVED) =Y~-Y«F

b0 230 t=1.H

D0 230 J=1,H

EC1,d)=0.000

PO 220 K=1,N

EQL,d)=001,9)¢Y(1,K)*F(K,J)

CONTINUE

IFCIPRIEQLI)URITE(G,310)

IFCIPR,EQL1)CALL PRHIAT(N,12,0)

CONT1IUE

ER2=ER

CALL NEQUAT(,20,Y,2)

DO 240 1=1,U

Do 240 J=1,H

2(1,4)=Y(1,J)~FRACE(1,d)

CALL DMULT(N,M,N,20,FRAC,D,X,Z,F)

CALL MERROR(N,20,F,ER)

IT(ER,GE.ER2)GO TO 239

FRSAV=FRA

FRAC=FRAC*0,5000

GO TO 235

CONTINUE

DO 270 1=1,H

DO 270 J=1,N

Y(1,9)=Y(1,J)=FRSAV+E(1,)
CONTINUE

FORMAT(S5X,'F HATRIX')

FORIAT(5X, 'E DATRIX')

FORMAT(10X, ' IHITIAL FRAC= ',D11.4)

RETURN

END

S g B 70 g | W 1 T

[

s

st

}u_}“«

AR

s

]
i
W

P

L

i

ot




TR A Dt PN st OOV PP st s o

W;‘.@: T

1

R D

T e T s e e T

SO0

200

210

320

QOO

220

235

280

270
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300
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317

SUBROUTIE CORCT2(X, Y, 11, NAXX, I ER, ITR)

DINEHSION X(1AXX, 1), Y(I'AXX,1),F(20,20),6(70,20),2(20,20)
como:y /SoL/FRACY

DOUBLE PRECISION X,Y,F,L,
DOUBLY PRECISION FRAC,ER]
DOUBLE PRECISION FRACI,FR
URITE(S,317)FRACH

N0 2990 ITLR=1,MTER
ER2=1,00190

ER=ER2

FRAC=FRAC!

ER1=0,0D00

CALCULATE ERROR MATRIX,FuYeX-{

DO 210 1=1,u

DO 210 J=1,%

F£(1,4)=0.0000

DO 200 Ks1,H

FOL, ) =F{1,0)+Y (1, X)eX(K,J)
TEQLLEQUIIF(T,9)=F(1,d)+-1,0030
ERI=ENI+F(1,d3eF (1, 0)

CONTINUE

ER1=DSQRT(ERL/ (N*i1))
VRITE(G,320)CR1

FORIAT(//,19X, "ORIGII*AL RMSE » ',D15,8,/)
TECIPRLOTQLLIURITE(S, 300)
TECIPR.EQULICALL PRUAT(,12,TF)

CALCULATE 11PROVED INVERSE,Y(IIPROVED)aY«FeY

DO 230 t1=1,4

0O 230 J=1,u4

E(L,J)=0,0D0

DO 223 K=1,H

ECH,dY=0(01,0)+7(1,K)eY(K,J)

couvef

IFCIPRLEQLIINRITE(S, 310)

TFCIPR,LEOL1)CALL PRIMAT(M,12,E)

CONTHIUE

ER2=CR

CALL {EQUAT(2,20,Y,2)

DO 240 t=1,u

DO 240 J=1,U

ZC1,9)=Y (1, dY=FRACL( 1, )

CALL DlULT(N,0,N,2)0,FRAC,0,2,X,T)

CALL neERrOR(MH,29,F,LR)

IFCER.GE,ER2)G0 TO 280

FRSAV=FRAC

FRAC®FRAC*0.,.5D00

GO TO 235

CONTINUE

DO 270 1=1,N

no 270 J=1,H

YOI, 3)=Y(1,J)=FRSAV<E(1,d)
couTNug

FORUIAT(5X, 'F LIATRIX")

FORMAT(5X,'E MATRIX'")

FORMAT (10X, " 1HITIAL FRAC= ',D11.%)

RETURN

END
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SUBROUT INE DPERTL(X, Y, M, AKX, FAC, I PERT)

DINENSION X(MAXX,1),V(AXX,1),U(23),V(29),F(29,22)
pOUSLE PRECISIOL X,Y,U,V,F

DOUBLE PRECISIOR FAC,ALPHA,ER

CoMNoi JPR/IPR

tPR=2

1PR=1

WRITE(6,21)

CALL DIULT(, M, ,20,FAC L0,X,Y,F)
1FOIPR,GE.DNRITE(S, 95)

IF(IPR.GE (QICALL PREAT(N,2),F)

CALL MERPOR(,20,F,ER

URITE(6,320)ER

FORNAT(//,10X, 'ORIGINAL RMSE = *,D15.8,/)

CALCULATZ INPROVED BIVERSE

ER=FAC
FAC=FAC*X (IPERT,IPLRY)
ALPHA=Y(IPERT,LIFERT)
ALPIIA=Y. 3D0-FAC*ALPHA
ALPUA=FAC/ALPIA
TFCIPRGZLL)URITE(G,201)FAC, ALPHA
FAC=LR
00 150 1=1,1
J(1)y=Y(1,1PECT)
V{1 =Y(1PLIT, 1)
CO:T HIIUE
IEQIPRIEN.2YURITE(S,103)(U(1), 1=1,)
IF(IPR,ES.2IURITIG,1I5)
IF(IPR.EQ2IVRITE(S, 203X (V(1) , 1=1,30)
DO 2%0 1=1,i
PO 249 J=1,H
FQ1,d)Y=U(1)2ALPHAV(J)
IFCIPR.CIL)URITE(S,393)
IFCIPR.EQ.IICALL PRUEAT(H,20,F)
PO 250 1=1,H
po 253 J4=1,1
Y(1,8Y=Y(1,0)+F(1,3)
CALL DMELT(L,?,",29,FAC L0,X,Y,F)
FCIPRGELI)NNTE(G,37)
FFOIPR.GZ,1ICALL PREAY(N,20,F)
CALL RERRON(,20,F,ER)
WRITE(6,109)
CALL PRIATLILNXX,Y)
SNT Ve
WRITE(6,91)
e Ry L L L e
JakoatantRakikikitanstttanengisrann?)
FORGAT(SX, TAPERT:  A=IHY(C)',7)
FORIMATISX, 'APLART:  A«ILPROVEDR INV(C)',/)
FORMAT(2X,0(0225,15,3X))
FORUAT(/ /)
FORNAT(/, 10X, " INPROVEIN IHVERSE DBATRIX')
FORMAT(SX, 'A +LPS=,D15.4%, "ALPIA=', D154, /)
FORPIAT(SX, 'F LATRIXY)
RETURH
£
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SUBROUTINE DPERT2(N,IMAX, HAPPRX,FAC,C,DA,B)
DOUBLE PRECISION T(MAX,1),0A(HAX,1),B(MAX,1),G(20,20)

pOUBLE PRECISION FAC,PD!IF,QDIF

conhon /PROD/POIF,QDIF

CALL GKRODCT(:,11AX,C,B,G)

1E(PDIF-QDIF)51,51,5¢2

CALL CORCT1(C,B,M,1:AX,N,0)

GO0 TO 53

CALL CORCT2(C,B,,AX,1,0)

CONTINUE

CALL mhULT(i,n,%, 11AX,FAC,1,8,D4,6)

CALL DNLLTE, N, L, AKX, FAC, D,G,8,0)

WRITZ(5,113)

CALL PRUAT(I,1AX,C)

1F(NAPPRX,EQ,1)GO TO 37

CALL DIULT(M, 1,0, IAX,FAC,9,6,G,NA)

CALL DHULT(N,:,MN,HAX,FAC,0,00,C,6)

WRITE(G6,121)

CALL PRHAT(M,1AX,G)

CONTIZUE

P9 90 1=1,0

DO 93 J=],1

IF(UAPPRXL.EQL1)S5(1,3)a8(1,0)+C(1,d)
<

TF(HAPPRXEQ.2)3(1,9)=8(1,J)+C(1,3)+G(1,0)

couTIIUL
FORDAT(S5X, 'EPS« INV(C) «DeI1V(C)Y)

FORDAT(SX, 'EPS+LIV(C) «NellV(C) + CPSee2«(1'1V(CIeN)we2 <IIV(CI")

RETURI
END

SUBROUTIHE HTRAIS(U, 114X, X)
DousSLL PRECISION X(MAX,1),V(20,29)

00 1 1=1,4
PO 1 J=1,2
Y(1,9)=X(J,1)
Do 2 I=1,
po 2 J=1,%
X(1,d)=Y(1,49)
RCTURN

END

SUBROUTINE MEQUAT(, BAX, X, Y)
DAUBLE PRECISION R{NAX,1),Y(HAX,1)

EQUATE HATRIX Y T0 MHATRIX X

no 1 1=1,:

PO : Jel,H
Y(1,0)=2X01,4)
RETURN

Enp
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SUBROUT IHE NMSCALEL (M, NAX, THRES,1S,01F, X, Y)
DOURLE PRECISION X(PAX,1),Y(IAX,1),8(29,23)
DOUBLE PRECISION THARES, ZLRO,8TOT, THR, BTUR, YIUAX, Y111, D1F

ROW OR COLWIUNE SCALING OF 1ATRIX X
1S=1, ROU SCALLUG
15=9, COLUMl SCALING

ZERO=1.0D-59

Y1iAX=~1,00410

Yillits, 0010

1E(1S,£Q, 2)CALL NTRANS(:L, HAX, X)
po 39 1=1,%

THR==59.0

PO 19 J=1,4
IF(DABS{X{1,J)).GT.ZERDIGO TO 5
B(1,d)==50.2

60 TO 10

CONTLIUE

£, ) -DLOIIACDABS(X(1, 1))
TFC(H(T,J) 8T, THQ) THR=3 (1, 4)
CONTHIVE

BTAR=THR~THRLS

BYOT=0,0097

1CT=0

Do 20 J=1,:

Y(1,d)=0,0030
TF(E(1,d) . LT.BTHRIGO TO 20
1CT=1CT+1

BTOT=3TOT+3(1, M)

CONTIHUE

£TQT=8TOT/1CT

Y(1,1)=10, +¢870T
TEC(BTOT.GT. YHAX) YHAX=0TOT
TF(RYCT. LT, Y13 YR H=B8TOT
Do 30 J=1,4
XCE,d)=X(1,9)/Y(1,1)
COUTLIVE

DIF=YNAX-Yitlz
1ECIS.EQ.0)CALL MTRANS (N, MAX,X)
RETUR

END

SUBROUTINEG PHULT(s, 2,1, 0AX, 8,15, A,8,C)
DOUBLE PRICISION A(NAX,1),B(1AX,1),C(H\X,1),S,TOHP

RPT———————— Y

DOUCLE PRECISION MATRIX IWLTIPLICATION, Cs\e32S

DO 10 1=1,H4

00 10 J=1,L

c{i,J)=0,9020

DG 12 K=1,:l
C(i,0)=001,d)+A01, K)«B(K, $)

IFUISEQ. I ANDKLEQNDC(T  0)3S+C(1,0)
CONTINUE

RETUR:

Eid
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SUBROUTIHE PRIAT(,IANLA)
FORNMAT(2X,4(D25,15,3X))
FORMAT(/ /S

RIAL®S A(NNX,1)

MRITE(S,105)

Me((N-1)7/0U)+1

DO 10 t=1,%

WRITE(5,107)

PO 15 L=1,i

J1=(l-1)s4el

J2=J1+3

IF(L.CQ.11)J2a

WRITE(6,103) (A(1,3),0=d1,82)
coutvinig

couTiive

VRITL(G,104)

FONUNT(/ /111

FORUAT(/)

RETURN

END

SUSROUTINE MERRIR(L,NAR, C, ERROR)
DOUSLE PRECISIO0Y C(1°\X,1),TEN,ATER
DOUGLE PRICISION ERROR,ALR

COIuItit JIC/AER

ERROR=D, ODOD

AER=0,000

D0 1 1=1,!

DO 1 J=1,l

TEN=C(1,J)
1E(1,EQ,J)TRN=C(1 ,J)-1.000nC
ATEM=DASS(TEN)
TRCATELL GT O AERIATR=ATEN
ERRON=ENROR+TEN«TE
conNTINUE

ERROR=ERKOR/ (21011)
ERROL=DSORT(ZLROR)
URITE(6,100)IRAOR,ALR
FORMAT(12X, * (1AT~1):
RETURI

E{D

RMSE=',D11.%, " NAX=*,D11.%)

SUSROUTINE DNV, NAX,X)
DOUBLE PRICISION X(IMAX,1)

INVERSIOR OF DIAGONAL MATRIX, X

00 1 1=1,H

00 1 J=1,H
IF(1.EQ.JDX(T,d)=1,0000/X(1,d)
RETURH

EiD
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- APPENDIX C -

In this appendix we present the details invclved in Example 2, page 10,

of Chapter 2. The example deals with application of the identification technique

to data obtaired from a single-stage transistor amplifier. The schematic and

equivalent model of the circuit are repeated, for convenience, in Fig. Cl.

(b)

(a) Schematic of Common-Emitter Amplifier Circuit.

(b) Fgquivalent Circuit Model

Fig. Clb, the fcllowing equations may be written by inspection:
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v LA .Y and (C2) may be solved simultaneously, to yield the desired

. . r function, as follows. From (C1),
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Substitution of equation (€5) into (C2) vields the required expression, i.e.,
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Simplifi-ation of the expression for H(s) requires wnwieldy aigebraie manivulation, )
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it can be shown that for ?'l real
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For the particular transistor circuit shown in Fig. Clb, the following

parameter values are assumed:
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5 pf 8 = 4mls 8y = 40mis ZL = 1KQ (real)
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Substituting these values in Equation (C6) and performinyg the required simplifications

yields

e iy

hes) = 8(107)  s%(s=8000(10%))
(s+.033(10%)) (s+.080(10%)) (s+25.2(10%)) 1s+1205.1(10%))

X~

(c8)

T

e

A Bode (corner) plot of Equation (C8) is given in Fig. C2 ., Inspection of

r AT S A

ey

-

LR

this frequency response shows that the circuit is broad-band (i.e., it poles are

separated by several decades). In order that the network transfer function be

3 g

vl

identifiad reliably, the spectrum of the input signal must contain sufficient

energy concentrated in the vicinity of the network poles and zeros (for excitation

and manifestation of these critical frequencies). However, it is not convenient

to synthesize -- and realize in the laboratory -- an input having such characteristics.

Therefore, the network function may (and in this case will) be broken into

: .’.".H'

constituent functions, each of which will be valid for a particular frequency range. E

il

et

Inspection of Equation (C8) reveals that an adequate low-frequency description
of H(s) 1s

(21.04) _s? i

c 5 (Low-freq.) (€9)
(s+.033¢30 V) (s+.080(107))

HL(S) =

1y

Gkttt sl

which is valid up to 1 Mr/s. That is, Equation (C9) will dlosely

approximate H(s) for radian frequencies below approximately 106 rad/sec. This

observation can be seen clearly from the Bode plot in Fig. C2.

4

Through similar considerations, expressions describing the mid-high and high

frequency characteristics of H(s) are obrained:
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6
531.1(10
(s) =~ -—------~—S’—-—~)- (Mid to High Frequency Transistion) (c10)

H
MH (S+25.2(106))

DR DL Al

8(107) (s-8000(10%))
(s+25.2(10%)) (s+1205.1(10%))

HH(S) = (High Frequency) (c11)

Equation (C10) will be valid in the

Ly IO R g1

T

B A €A Mt w8 g

frequency range from approximately 106 to 109 rad/sec, while Equation (C1D)

e sy

will be valid for frequencies from 109 rad/sec onward,

Asehutomi

gl

The identification technique may now be used to determine models

*

for the network behavior by considering each of the three regions scparately,

diuliebdtin.

Improvement in the methodology and reliability of identification of broad-band

r

e

networks (systems) 1s being investigated under a new research task. For

example, pre-filtering the output data in order to isolate the vari.as frequency

regions is now being pursued.
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Fig. C2. Magnitude characteristic (Bode plot)
of a wide band amplifier.
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i) Low Freguency Region

Our approximate description of the low~frequency behavior of H(s) is
given in eq. (C9). In order that a reliable model for this region be obtained,
via the program IGRAM, several factors must be considered. First, a careful
choice of the input must be made in order to excite the low frequency modes of the
system. We need to isolate these modes of the response, and will therefore
use an input signal whose spectral content is concentrated in the low
frequency region. A satisfactory choice is a single triangular pulse of
duration 125usec. This signal will supply sufficient energy to the low frequency
modes and relatively small amounts to the higher frequency modes.

Next, we must decide upon a sampling interval, A. A useful rule~of-thumb
in making this choice is to samile at a frequency fS at least ten times the
highest frequency of interest. For the system under consideration, the highest
frequency of interest is 0.013(106)Hz*. Thus, a sampling interval A = llfs =
0.25 psec shnuld be quite adequate. Notice that while we are sampling at an
adequate rate for the low frequency modes, we are undersampling the high
frequency modes. That is, the system as a whole is broad-band and we are
sampling at a rate suitable only for the low frequency portion. Therefore,
frequency aliasing can be expected to occur. The effect of this aliasing, however,
(of the high frequency modes) appears as evenly distributed noise of relatively
small power spectrum density.

An important, but less obvious, consideration is the total duration of the
test record used in modeling. Whenever possible, a record long enough to have
a few time constants, say one to four, of the slowest mode must be used. Using
this criterion, a 1000 point record (MP1 = 1000) for the network under consideration

should suffice.

ii) Mid to High ¥reguency Transistion

Our approximate description of the mid to high frequenny transition behavior
of H(s) is given by eq. (Ci0). Considerations similar to those made in the last

section yield the following choices. Realizing that a narrowband signal must be

* It is unrealistic to expect that the design or test engineer know the exact
frequencies of interest. However, it is assumed that he has some idea of
the critical frequencies of the system.
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G

used -- so as to excite only the mid-high frequency mode (S=-25.2(106)), an
exponentially decaying sinusoid was chosen as the input signal. The center
frequency of this input lies in the frequency range of interest. The sampling
interval was chosen to be 0.0l usec, and a 500-point record was used for modeling
In modeling this region, the option IBIAS = 1 was used. The reason for
this choice is as follows. Due to the low-frequency modes, a transient response
will appear in the system output in addition to the desired mid-frequency respous
However, over the short duration of our record (5usec) this slowly varving
transient will appear relatively constant, resembling a d.c. bias. The option
IBIAS = 1 allows the program to separate this "bias" and hence calculate a

more reliable model for the mid-high transition range.

) High Fregquency Region

e
[ 3
=8

The approximate high frequency description of H(s) is given in eq. (Cl11).
The input signal used for network excitation must be narrowhand (for rreviously
mentioned reasons). Thus, a slowly decaying sinusoid with center frequency in
the critical region was chosen. Five hundred points of input-output signals,

with a sampling interval & = 0.00025isec, were used for modeling.

Once the resuits for ecach of the frequency regions have been obtained,
they may be used to synthesize the overall network response. This (an be aoin
by correctly combining the model descriptions of the various frequency regions.

Details of such a synthesis will not be discussed.
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APPENDIX D

s-Domain to z-Domain Counversion

Sampled Signal

When sampled at uniformly spaced time instants kA, an analog signal

x{t) yields a numerical sequence £ = {xk}, where x, = x{kd). To this
K
numerical sequence we can associate a continuous-time signal x*{t) = I
k==

ka(t—kA), called the (ideally-)sampled signal. If the original signal is

,f bandlimited by 1/2A ilz, then x(t) can be recovered from x*(t) through low-pass
%’ filtering, and the sampling process may be regarded as a one-to-one mapping.
éi We define the Laplace transform of the sampled signal in the customary way;
%‘ this gives
© -
x¢s) = T g (e (o1
= k==
=3
§ Now, since the z transform of § = {xk} is
= o X

X(z) = I X, 2 (b2)

k=-co

we make the extremely interesting observation that

XK(s) = X(@| g (©3)

z=e
Note: 1t should be borne in mind that the substitution z=esA into
X{z) yields the Laplace transform of x*(t), not of x(t).
Under the condition of bandlimitedness (by 1/2A Hz) this
substitution yi2lds a transform that agrees with X(s) in a
suitable neighborhood of s=C in the s-plane.

We now focus attention on the matter of conversion of transfer functions
from s-domain to z-domain and vice-versa. An exhaustive treatment is given

in reference [17]. Here, we summarize three of the most widely used conversion

techniques.
S ﬁ‘ 1. Logarithmic Pole-Zero Conversion
iég This technique uses the relation z = eSA, or s = % Loz, upon the poles
;g%‘ and zeros of the function under consideration. Thus
285 .
e 2
H (S) = __i_:_l_____i_ PN Hl(z) = A(n‘g—m) i:l (Dl.)
(s+a,) T (z-q,)
=1 1 f=1 3
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where
—aiA
ai = e D5a
-biA
61 = e D5b

2. Pulse-invariant Conversion

This technique has the merit that the response of H(s) te an input
o0

X (t) = L Xy p(t~kA), where p{t) = square pulse over {0,4), coincides
k: -0

with the response of K(z) tc the sequence § = {xk}. In many cases of practical
interest xpulse(t) is an excellent approximation to x{t); in such cases this
technique of conversion promises close agreement of the response of E(s) to
x(t) and of H(z) to {x, ), at the sampling instants. he conversion is

[
described by

-a A
n bi n bi (1-e ')
= ——————— u = X - - N
H(s) ‘El s + a, - "2(2) i=1 —aiA (D6
B a, (1 -e z~1)
i
3. Inpulse-Invariant Conversion
When this technique is used the response of F(8) to x*{t) coincides
with that of H({z) to ={xg {at the sampling instants). The conversion is
described by
n bi n Abi
g = § et -  # (2) = TR (7
R{s) R s T a “ "3(2, .L Ta A b7
i=1 i i=1 1 -1
~ e z
Example: Sampling Interval A = Sps
VWV —— -y —— WN———
R =10k R,=100k J_ +
v .= . : C e o
1 (.1-[ €7V, €, = €, = 1000pf
S
H(s} = -3 - A.x 10 57 T T T g
s+ (1.2 x 107 s + (1 x 107
1 109 0.025
S o ou e o0 U= s
(<¥9005.8) (++110,690.2)  ™1'®) =(;5.45595) (wmv. 5740y ¥ (T
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Remark: In 'IGRAM', conversion technigues 1 and 2 have been programmed.

Howvever, the present setting IZT8=1 (see page 44) leads to logarithmic
conversiou.

Y

o+ e Py S s e <
St F otk b Bk b b S

el

o MR

R

P
P bt

‘h ww,qa ";‘l‘ll
L b

l

P

1
H
H
H
HE
=
i
H
i
H
H

Loy 4

b e e b

it

e e ot A

.
33l

o e i




73

MISSION
, of
Rome Avr Development Center

RADC plans and executes reseanch, development, test and
selected acquisition programs in suppornt of Command, Control
Communications and Intelligence (C31) activities. Technical
and engineerning support within areas 04 technical competence
48 provided to ESD Prognam 0ffices (P0s) and othen ESD
elements. The principal technical mission areas are
communications, electromagnetic guidance and controf, sunr-
vec€lance of ground and aercapace objiects, inteliigence datfa
collection and handling, information system technology,
4cnosphernic propagation, solid siate sclences, microwave
physics and electronic reliability, maintainability and
compaiibility.
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